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   CHAPTER FIVE 

 
ANALYSIS OF RPC T-BEAMS 

FAILING IN FLEXURE 
 

5.1 Introduction: 

        Evaluation of strength capacity of structural members under flexural 

loads is very important task since the moments are dominating loads in these 

members. This chapter presents analytical study on flexural behavior of RPC 

T-beams to find new theoretical moment capacity expressions of RPC 

section, numerical factors of compressive stress block and longitudinal steel 

reinforcement balanced ratio. It is important to mention that the equations of 

this chapter cover only RPC beams and do not cover hybrid beams. 

5.2 Basic Assumptions:  

The numerical expressions used in this chapter to estimate the flexural 

capacity of RPC T-beams are based on the following assumptions:  

1) Plane sections before bending remain plane after bending. 

2) The tensile strength of RPC is considered in estimating the flexural 

capacity of RPC T-beams. 

3) Flexural deformations are small and linear strain distribution is 

considered across the depth of the beam section. 

4) Perfect bond exists between concrete and longitudinal steel 

reinforcement, this means that the strains in the longitudinal steel 
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and concrete at the same level are equal. Also that no slippage 

failure of steel reinforcement can occur.  

5) Other deformations are not present like axial, shear deformation 

and torsional effect.  

 
5.3 Constitutive Relationships for RPC Beam Section under 
Stresses: 
5.3.1 Compressive Stress-Strain Relationship:  

        Internal compressive force of RPC above neutral axis can be calculated 

as the volume of the compressive stress distribution bounded by the stress-

strain curve. Equation (4-17) is used to represent the compressive stress-

strain relationship. 

 
5.3.2 Tensile Stress-Strain Relationship:  

        Internal tensile force of RPC under neutral axis is considered in 

estimating the flexural strength of RPC beams due to post-cracking 

characteristics of RPC and its high tensile strength. 

        Presence of steel fiber in concrete improves its post-cracking and 

increases its fracture energy .The post-cracking behavior of RPC is very 

important because it may dispense with conventional reinforcement in the 

design of some UHPC or RPC structures (26). 

        Hannant (72) proposed a uniaxial tensile stress-strain model for fiber 

reinforced concrete .The model assumed that fiber reinforced concrete in 

tensile load might be under strain softening effect as shown in Figure (5-1a) 

or under strain hardening effect as shown in Figure (5-1b). It was also found 

that post cracking tensile stress was 0.41 times the modulus of rupture, but 

such value was not recommended for general use, since it depends on many 
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factors, like the type, volumetric ratio, and length of fibers, crack width, 

water/cement ratio and curing condition. 

 

Figure (5-1) Stress-Strain model for fibrous concrete in tension
(72)

(a) 
strain softening effect (b) strain hardening effect  

         

        In this study, the tensile stress-strain model shown in Figure (5-2) is 

adopted to represent the tensile strength of RPC. Therefore the intensity of 

the tensile stress in the considered area of the curve is:  

 
                        𝑓𝑡c = λ 𝑓𝑟           for εtc > εcr        ---- (5-1) 

where: 
𝑓𝑡c, 𝜀𝑡c= tensile stress, tensile strain in concrete respectively 

𝜀𝑐r = first cracking tensile strain in concrete 

λ = post cracking tensile stress factor 
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Figure (5-2) Tensile stress-strain model adopted in this study for RPC(72)  
 
 
5.3.3 Tensile Strength of Steel Bars: 
The tensile strength or yield strength of steel bar is found from tension tests. 

5.4 Estimation of Internal Forces and Moments using 
Compressive Stress-Strain Model: 
       The neutral axis of T-section beam may be either in flange or in web, 

depending upon the proportions of the cross-section, the amount of tensile 

steel and strength of materials.  

        Estimating internal forces depends on the location of neutral axis as 

follows:   

5.4.1 Neutral Axis in Flange (c≤ hf): 

5.4.1.1 Internal Compressive Force: 

      Figure (5-3) shows RPC T-beam section in which the neutral axis is in 

the flange. The internal compressive force (CF) of this section is calculated 

by applying the proposed Equation (4-17) given in article (4.2.7), as follows: 
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         If ℰc denotes the compressive strain in RPC at distance x from neutral 

axis and ℰcu is the strain in extreme compression fiber then: 

                                                 
ℰ𝑐

𝑥
=

ℰ𝑐𝑢

𝑐
 

Rearranging above equation gives: 

ℰc =  
𝑥

𝑐
∗  ℰ𝑐𝑢      ---- (5-2) 

Using Equation (4-17) : 

ƒ𝑐

ƒ𝑐
′

 
= 𝐴  

ℰ𝑐

ℰ𝑐𝑢
 

3
+  𝐵  

ℰ𝑐

ℰ𝑐𝑢
 

2
+ 𝐶  

ℰ𝑐

ℰ𝑐𝑢
               ---- (4-17) 

Where A,B and C are constants as shown in Table (4-6)  

Substituting Equation (5-2) in to (4-17) gives: 

ƒ𝑐

ƒ𝑐
′

 
= 𝐴  

𝑥

𝑐
 

3
+  𝐵   

𝑥

𝑐
 

2
+ 𝐶   

𝑥

𝑐
                    ---- (5-3) 

If the following expressions are used: 

 

Figure (5-3) RPC T-beam section under bending strains and stresses 
(neutral axis in the flange)  
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𝛼 = A ƒ𝑐
′  

𝛽 = B ƒ𝑐
′  

 𝛾 = C ƒ𝑐
′  

Where A, B and C are polynomial constants of equation (4-17). 

then  

ƒ𝑐 = 𝛼 (
𝑥

𝑐
)3 + 𝛽 (

𝑥

𝑐
)2 +  𝛾 (

𝑥

𝑐
)                        ---- (5-4) 

To obtain the compression force acting on the flange: 

𝐶𝐹 = 𝑏𝑓  𝑓𝑐  𝑑𝑥
𝑐

0
                                                  ---- (5-5) 

where 𝑏𝑓  is flange width 

Substituting Equation (5-4) into Equation (5-5) gives: 

𝐶𝐹 = 𝑏𝑓  [𝛼  
𝑥

𝑐
 

3
+ 𝛽  

𝑥

𝑐
 

2
+  𝛾  

𝑥

𝑐
 ]𝑑𝑥

𝑐

0
        ---- (5-6) 

and after integration the equation becomes :  

𝐶𝐹 = 𝑏𝑓[ 𝛼  
𝑥4

4𝑐3
 

 

+ 𝛽  
𝑥3

3𝑐2
 

 

+  𝛾  
𝑥2

2𝑐  
  ]0

𝑐         ---- (5-7) 

𝐶𝐹 = 𝑏𝑓  (
𝛼

4
 +
𝛽

3
 +
𝛾

2
) 𝑐                                         ---- (5-8)       

 

5.4.1.2 Internal Tensile Force: 

The internal tensile force in Tc can be calculated as follows: 

1. When (c+ xcr) < hf  then : 

As shown in Figures (5-4), the internal tensile force Tc can be calculated as 

follows: 
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Figure (5-4) RPC T-beam section under bending stresses(c+ xcr) < hf    

 

Tc= 0.5 ∗  λfr ∗ 𝑥𝑐𝑟 ∗ 𝑏𝑓 + λfr ∗  (ℎ𝑓  
− 𝑐 − 𝑥𝑐𝑟 ) ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤  ---- 

(5-9) 

From strain distribution of Figure (5-3): 

𝑥𝑐𝑟 =
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐                               ---- (5-10) 

Substitute Equation (5-10) in Equation (5-9) result in: 

Tc=0.5* λfr* 
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 + λfr ∗  (ℎ𝑓

 
− 𝑐 −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤  ----

(5-11) 
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2. When (c+ xcr) = hf  then : 

As shown in Figures (5-5), the internal tensile force Tc can be calculated 

as follows: 

 

Figure (5-5) RPC T-beam section under bending stresses(c+ xcr) = hf    

 

Tc= 0.5 ∗  λfr ∗ 𝑥𝑐𝑟 ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤                                                           ---- (5-12) 

Substitute Equation (5-10) in Equation(5-12) result in:  

 

Tc= 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤                                               ---- (5-13) 
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3. When (c+ xcr) > hf  and c = hf  then : 

As shown in Figures (5-6), the internal tensile force Tc can be calculated 

as follows: 

 

Figure (5-6) RPC T-beam section under bending stresses ,(c+ xcr) > hf  

and c = hf 

 

Tc= 0.5 ∗  λfr ∗ 𝑥𝑐𝑟 ∗ 𝑏𝑤 + λfr ∗ (hw − 𝑥𝑐𝑟)𝑏
𝑤                                               ---- (5-14) 

Substitute Equation (5-10) in Equation (5-14) result in:  

Tc= 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑤 + λfr ∗ (hw −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) 

  

𝑏𝑤                               ---- (5-15) 
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4. When (c+ xcr) > hf  and c < hf  then : 

As shown in Figures (5-7), the internal tensile force Tc can be calculated 

as follows: 

 

Figure (5-7) RPC T-beam section under bending stresses, (c+ xcr) > hf  

and c < hf   

 

Tc= 0.5 ∗  
λfr∗(hf−c)

𝑥𝑐𝑟
∗  ℎ𝑓 − 𝑐 ∗ 𝑏𝑓 +  𝑐 + 𝑥𝑐𝑟 − ℎ𝑓 ∗

𝑥𝑐𝑟 ∗(hf−c)

λfr
∗ bw +

0.5 ∗  𝑐 + 𝑥𝑐𝑟 − ℎ𝑓 ∗  λfr −
λfr∗(hf−c)

𝑥𝑐𝑟
 ∗ bw + λfr ∗  hw −  𝑐 + 𝑥𝑐𝑟 −

ℎ𝑓  ∗ bw                                                                                                                                               ---- (5-16) 

Substitute Equation (5-10) in Equation(5-16) result in:  
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Tc= 0.5 ∗  
λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 

2
∗ 𝑏𝑓 +  𝑐 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 ∗

bw + 0.5 ∗  𝑐 +
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗  λfr −

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 

 
 ∗ bw + λfr ∗ (h −

c −
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ bw                                                                                                                                ---- (5-17) 

 

5.4.1.3 Internal Tensile Force Contributed by Steel Bars: 

        The internal tensile force contributed by steel bars is calculated as 

follows:  

        From strain distribution of Figure (5-3) check if the tensile steel reaches 

yield stress: 

ℰs=
𝑑−𝑐

𝑐
 ℰ𝑐𝑢                ---- (5-18) 

If ℰs<
𝑓𝑦

𝐸𝑠
 then: 

Ts=As 
𝑑−𝑐

𝑐
 ℰ𝑐𝑢  𝐸𝑠        ---- (5-19) 

If ℰs>
𝑓𝑦

𝐸𝑠
 then: 

Ts=AS ƒy                            ---- (5-20) 

where:  

AS: Total area of longitudinal steel reinforcement 

ƒy: Yield stress of longitudinal steel reinforcement 

𝐸𝑠  : Modulus of elasticity of steel  

 

5.4.1.4 Equilibrium Equation: 

         To find the value of neutral axis depth (c ) the equilibrium condition is 

applied which assumed that for the case of pure bending , the compressive 

force  is equal to the total tensile forces : 
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CF= 𝑇         ---- (5-21) 

CF=Tc + Ts     ---- (5-22) 

According to location of neutral axis (c), the latter is found as follows: 

1. when (c+ xcr) < hf   then: 

𝑏𝑓  (
𝛼

4
 +
𝛽

3
 + 

𝛾

2
) 𝑐 = 0.5 ∗  λfr ∗ 𝑥𝑐𝑟 ∗ 𝑏𝑓 + λfr ∗  (ℎ𝑓  

− 𝑐 −
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ 𝑏𝑓 + λfr ∗

hw∗𝑏𝑤+ AS ƒs                                                                                                               ---- (5-23) 

 

𝑐 =
λfr∗h f∗𝑏𝑓+λfr∗hw ∗𝑏𝑤+𝐴𝑠 𝑓𝑠

𝑏𝑓   
𝛼

4
 +

𝛽

3
 + 

𝛾

2
 +0.5∗ λfr∗𝑏𝑓∗

ℰ𝑐𝑟
ℰ𝑐𝑢

  +λfr∗𝑏𝑓
                              ----(5-24) 

2. when (c+ xcr) = hf   then: 

 𝑏𝑓  (
𝛼

4
 +
𝛽

3
 + 

𝛾

2
) 𝑐 = 0.5 ∗  λfr ∗

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤+ AS fs        ----(5-25) 

𝑐 =
λfr∗hw ∗𝑏𝑤+𝐴𝑠 𝑓𝑠

𝑏𝑓   
𝛼

4
 +

𝛽

3
 + 

𝛾

2
 +0.5∗ λfr∗𝑏𝑓∗

ℰ𝑐𝑟
ℰ𝑐𝑢

   
                                           ----(5-26) 

3. when (c+ xcr) > hf  and c=hf   then: 

𝑏𝑓  (
𝛼

4
 +
𝛽

3
 + 

𝛾

2
) 𝑐 = 0.5 ∗  λfr ∗

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑤 + λfr ∗ (hw −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) 

  

𝑏𝑤   + AS fs        

----(5-27)     

𝑐 =
λfr∗hw ∗𝑏𝑤+𝐴𝑠 𝑓𝑠

𝑏𝑓   
𝛼

4
 +

𝛽

3
 + 

𝛾

2
 +0.5∗ λfr∗𝑏𝑤 ∗

ℰ𝑐𝑟
ℰ𝑐𝑢

   
                                           ----(5-28)  
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4. When (c+ xcr) > hf  and c< hf then : 

𝑏𝑓  (
𝛼

4
 +
𝛽

3
 + 

𝛾

2
) 𝑐 = 0.5 ∗  

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 

2
∗ 𝑏𝑓 +  𝑐 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 ∗ bw + 0.5 ∗  𝑐 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗  λfr −

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗

 ℎ𝑓 − 𝑐 
 
 ∗ bw + λfr ∗ (h − c −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ bw  + AS fs                                                                                                                                                                                                                                   

---- (5-29)  

 The value of (c) of this equation can be calculated by trial and error. 

                              

5.4.1.5 Estimation of Internal Moments:  
5.4.1.5.1 Internal Moment Caused by the Compressive Force CF:  

        The internal moment caused by the compressive force CF about the 

neutral axis can be calculated as follows: 

 𝑀𝐶 = 𝑏𝑓  𝑓𝑐  𝑥 𝑑𝑥
𝑐

0
                                                       ---- (5-30) 

Substitute fc of Equation (5-4) in Equation (5-23) gives: 

𝑀𝐶 = 𝑏𝑓   𝛼  
𝑥4

𝑐3 
 

+ 𝛽  
𝑥3

𝑐2 
 

+  𝛾  
𝑥2

𝑐   𝑑𝑥
𝑐

0
           ---- (5-31) 

After integration the equation becomes: 

𝑀𝐶 = 𝑏𝑓  [𝛼  
𝑥5

5𝑐
3 

 

+𝛽  
𝑥4

4𝑐2 
 

+  𝛾  
𝑥3

3𝑐  ]
0

𝑐

            ---- (5-32) 

𝑀𝐶 = 𝑏𝑓   
𝛼 

5
 
 
+ 

𝛽

4

 
+  

𝛾

3     𝑐2

  

  

                                 ---- (5-33) 
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5.4.1.5.2 Internal Moment Caused by the Tensile Force Tc:  

        The internal moment caused by the tensile force Tc about neutral axis 

can be calculated as follows: 

1. When (c+ xcr) < hf  then : 

MTc =0.5* λfr* 
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 ∗

2

3
∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 + λfr ∗  (ℎ𝑓

 
− 𝑐 −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ 𝑏𝑓 ∗

0.5  ℎ𝑓 − 𝑐 +
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 + λfr ∗ hw ∗ 𝑏𝑤 ∗ (0.5hw + ℎ𝑓 − 𝑐) ---- (5-34) 

2. When (c+ xcr) = hf  then : 

MTc = 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 ∗

2

3
∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 + λfr ∗ hw∗𝑏𝑤 ∗ (0.5hw +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐)                                                                        

---- (5-35) 

3. when (c+ xcr) > hf  and c=hf   then: 

MTc= 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑤 ∗

2

3
∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 + λfr ∗ (hw −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐)   𝑏𝑤 ∗ 0.5(hw +

0.5
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐)                                                                                                     ---- (5-36) 

4. When (c+ xcr) > hf  and c< hf then : 

MTc = 0.5 ∗  
λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 

2
∗ 𝑏𝑓 ∗

2

3
∗  ℎ𝑓 − 𝑐 +  𝑐 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 ∗ bw ∗ 0.5  ℎ𝑓 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − 𝑐 + 0.5 ∗  𝑐 +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − ℎ𝑓 ∗

 λfr −
λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗𝑐
∗  ℎ𝑓 − 𝑐 

 
 ∗ bw ∗

1

3
 2

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 + ℎ𝑓 − c + λfr ∗  h − c −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ bw ∗ 0.5 ∗ (h +

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − 𝑐)                                                        ---- (5-37) 
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5.4.1.5.3 Internal Moment Caused by Steel Bars Ts:  

        The internal moment caused by the tensile force Ts about neutral axis 

can be calculated as follows: 

 𝑀𝑇𝑠 = 𝐴𝑠  
𝑓𝑠  (𝑑 − 𝑐)      ---- (5-38) 

5.4.2 Neutral Axis in Web (c> hf): 

5.4.2.1 Internal Compressive Force: 

      Figure (5-8) shows T- RPC beam section in which the neutral axis is in 

the web. The internal compressive force (CF) of this section can be 

calculated by applying the proposed Equation (4-17) as follows: 

Figure (5-8) RPC beam section under bending strains and stresses 
(neutral axis in the web) 

        To obtain the compression force acting on the flange and web the 
integration limits of Equation (5-4) will be as follows 

𝐶𝐹 = 𝑏𝑤  𝑓𝑐  𝑑𝑥
𝑐

0
   +  (𝑏𝑓 − 𝑏𝑤) 𝑓𝑐   𝑑𝑥

𝑐 

𝑐−ℎ𝑓
                                  ----- (5-39) 

Replacing ƒ𝑐  in Equation (5-4) gives: 



Chapter Five                              Analysis of RPC T-Beams Failing in Flexure 

128 
 

𝐶𝐹 = 𝑏𝑤   𝛼  
𝑥

𝑐
 

3
+ 𝛽  

𝑥

𝑐
 

2
+  𝛾  

𝑥

𝑐
  𝑑𝑥 + (𝑏𝑓 −  𝑏𝑤)  𝛼  

𝑥

𝑐
 

3
+

𝑐

𝑐−ℎ𝑓

𝑐

0

𝛽  
𝑥

𝑐
 

2
+  𝛾  

𝑥

𝑐
  𝑑𝑥                                                                         ---- (5-40)                              

Integrating Equation (5-40) gives:  

𝐶𝐹 = 𝑏𝑤 [ 𝛼  
𝑥4

4𝑐3 
 

+ 𝛽  
𝑥3

3𝑐2 
 

+  𝛾  
𝑥2

2𝑐   ]
0

𝑐

+ (𝑏𝑓 −  𝑏𝑤 )[ 𝛼  
𝑥4

4𝑐3 
 

+

𝛽  
𝑥3

3𝑐2 
 

+  𝛾  
𝑥2

2𝑐   ]
𝑐−ℎ𝑓

𝑐

                                                                ---- (5-41) 

𝐶𝐹 = 𝑏𝑤   
 𝛼

 4 

 
+ 

𝛽

3

 
+ 

𝛾

2
  𝑐

 

 

+  𝑏𝑓 −  𝑏𝑤     
 𝛼

 4 

 
+ 

𝛽

3

 
+  

𝛾

2
  𝑐 −

 𝛼 
 𝑐−ℎ𝑓 

4

4𝑐3 + 𝛽 
 𝑐−ℎ𝑓 

3

3𝑐2 +  𝛾 
 𝑐−ℎ𝑓 

2

2𝑐    
 

 

                                       ---- (5-42)                                                                                   

 5.4.2.2 Internal Tensile Force: 

        As shown in Figure (5-8). The tensile force in RPC Tc can be calculated 

as follows: 

Tc= 0.5*λfr *xcr* bw + λfr (h-c-xcr) bw        ---- (5-43) 

From strain distribution of Figure (5-3): 

                   𝑥𝑐𝑟 =
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐                              ---- (5-44) 

Substitute Equation (5-44) in Equation(5-43) result in : 

Tc= 0.5*λfr *
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 * bw + λfr (h- 

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 -c) *bw ----(5-45)  

5.4.2.3 Internal Tensile Force Contributed by Steel Bars: 

As in section 5.4.1.3 
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5.4.2.4 Equilibrium Equation: 

         To find the value of neutral axis depth (c ) the equilibrium condition is 

applied as follows: 

CF= 𝑇         ---- (5-17) 

CF=Tc + Ts       ---- (5-18) 

𝑏𝑤   
 𝛼

 4 

 
+ 

𝛽

3

 
+ 

𝛾

2
  𝑐

 

 

+  𝑏𝑓 −  𝑏𝑤      
 𝛼

 4 

 
+ 

𝛽

3

 
+  

𝛾

2
  𝑐 −  𝛼 

 𝑐−ℎ𝑓 
4

4𝑐3 +

𝛽 
 𝑐−ℎ𝑓 

3

3𝑐2 +  𝛾 
 𝑐−ℎ𝑓 

2

2𝑐    =  0.5 ∗ λfr  ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗  bw +  λfr  (h −  

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 −

𝑐 )  ∗ bw  + 𝐴𝑠  𝑓𝑠                                                                ---- (5-46) 
 
The value of (c) of this equation can be calculated by trial and error  

 
5.4.2.5 Estimation of Internal Moments:  
5.4.2.5.1 Internal Moment Caused by the Compressive Force CF:  

        The internal moment caused by the compressive force CF about the 

neutral axis can be calculated as follows: 

 𝑀𝐶 = 𝑏𝑤  𝑓𝑐  𝑥 𝑑𝑥
𝑐

0
   +  (𝑏𝑓 −  𝑏𝑤 )  𝑓𝑐𝑥 𝑑𝑥

𝑐

𝑐−ℎ𝑓
                          ---- (5-47) 

Substitute fc of Equation (5-4) in Equation(5-47) , after integration becomes: 

𝑀𝐶 = 𝑏𝑤 [ 𝛼  
𝑥5

5𝑐
3 

 

+ 𝛽  
𝑥4

4𝑐2 
 

+  𝛾  
𝑥3

3𝑐   ]
0

𝑐

+ (𝑏𝑓 −  𝑏𝑤 ) [ 𝛼  
𝑥5

5𝑐
3 

 

+

𝛽  
𝑥4

4𝑐2 
 

+  𝛾  
𝑥3

3𝑐   ]
𝑐−ℎ𝑓

𝑐

                                                             ---- (5-48) 

𝑀𝐶 = 𝑏𝑤 [  
𝛼

5

 
+ 

𝛽

4 

 
+  

𝛾

3
 ]

 

 

𝑐2 + 
  𝑏𝑓 −  𝑏𝑤 [ ( 

𝛼

5

 
+ 

𝛽

4 

 
+  

𝛾

3
 )

 

 

𝑐2 −

( 𝛼 
 𝑐−ℎ𝑓 5

5𝑐
3

 

+ 𝛽 
 𝑐−ℎ𝑓 4

4𝑐2

 

+  𝛾 
 𝑐−ℎ𝑓 3

3𝑐  )
 

 

]                                                                    

---- (5-49)                                                              
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5.4.2.5.2 Internal Moment Caused by the Tensile Force TCF:  

        The internal moment caused by the tensile force Tc about neutral axis 

can be calculated as follows: 

MTc= 0.5λfr (
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ) bw 

2

3
(
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 )+ λfr (h- 

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 -c) bw *0.5(h- 

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 - 𝑐)                                                                                               

----(5-50)  

5.4.2.5.3 Internal Moment Caused by Steel Bars Ts:  

As in section 5.4.3.3 

5.4.2.5.4 Total internal moment: 

        The total internal moment caused by all internal forces about neutral 

axis equal: 

MTotal = 𝑀𝐶 + 𝑀𝑇𝑐 + 𝑀𝑇𝑠        ---- (5-51) 

5.5 Equivalent Stress Block Coefficients: 

        As shown in previous sections, estimating moment capacity of RPC 

beams using actual compressive stress-strain diagram is a difficult process 

and requires large effort and long time. However, estimating moment 

capacity of beams must be safe and simple as possible, therefore in this 

study an equivalent stress block is proposed to replace the curved 

compressive stress distribution by an equivalent rectangular one and new 

coefficients of stress block (γ1 and β1) were suggested as shown in Figure 

(5-9). It is clear that the values of both γ1 and β1 for RPC are different from 

that of normal concrete. These values are mainly affected by the magnitude 

of the concrete compressive strength and the steel fiber volumetric ratio. 

Therefore new relations have been obtained using regression analysis as 

follows: 
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γ1=9.27*10-2+4.29*10-3 f 'c+3.4*10-3 Vf         ---- (5-52) 

β1=1.56*10-3-3*10-3 f 'c+7.53*10-3 Vf            ---- (5-53) 

 

Figure (5-9) Replacing the curved compressive stress distribution by an 
equivalent rectangular one 

         

5.6 Estimating Internal Compressive Force by Using Equivalent Stress 

Block:  

        By using the suggested equivalent stress block, the internal 

compressive force can be estimated as follows: 

5.6.1 For T-Section with a≤ hf : 

        Figure (5-10-a) shows equivalent stress distribution for T-section with 

(a≤ hf). The internal compressive force (CF) of this section can be calculated 

as follows: 

𝐶𝐹 = 𝑏𝑓  (γ1 f 'c  a)         ---- (5-54) 
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5.6.2 For T-Section with a> hf : 

        Figure (5-10-b) shows equivalent stress distribution for T-section with 

(a> hf). The internal compressive force (CF) of this section can be calculated 

as follows:  

𝐶𝐹 = (𝑏𝑓 − 𝑏𝑤) (γ1 f 'c  hf)   + 𝑏𝑤  (γ1 f 'c a)       ---- (5-55) 

Figure (5-10) Equivalent stress distribution for  
(a) T-section with N.A in flange (b) T-section with N.A in web 

5.6.3 Value of (a): 

         To find the value of (a) for T-section using proposed equivalent stress 

block the equilibrium condition is applied as follows: 

CF= 𝑇         ---- (5-17) 

CF=Tc + Ts       ---- (5-18) 
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For T-Section with a/β ≤ hf : 

1. When (a/β+ xcr) < hf  then : 

                a= 
λ fr  hf b fβ1+ λfr   hw  bw   β1+A s  fsβ1

𝑏𝑓γ1ƒ𝑐
′  β1+0.5λfr bf  

ℰ𝑐𝑟
ℰ𝑐𝑢

+λfr  b f  
                ---- (5-56) 

2. When (a/β+ xcr) = hf  then : 

                            a = 
λfr  hw  bw β1+ A s fsβ1

𝑏𝑓γ1ƒ𝑐
′  β1−0.5λ fr  

ℰ𝑐𝑟
ℰ𝑐𝑢

  bf

                        ---- (5-57) 

3. when (a/β + xcr) > hf  and (a/β) =hf   then: 

                      a = 
λfr  hw  bw β1+ A s fsβ1

𝑏𝑓γ1ƒ𝑐
′  β1+0.5λfr  

ℰ𝑐𝑟
ℰ𝑐𝑢

  bw

                        ---- (5-58) 

4. When (a/β + xcr) > hf  and (a/β) < hf then: 

𝑏𝑓  (γ1 f ′c  a) = 0.5 ∗  
λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗
𝑎

β1

∗  ℎ𝑓 −
𝑎

β1
 

2
∗ 𝑏𝑓 +  

𝑎

β1
+

ℰ𝑐𝑟

ℰ𝑐𝑢

𝑎

β1
− ℎ𝑓 ∗

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗
𝑎

β1

∗  ℎ𝑓 −
𝑎

β1
 ∗ bw + 0.5 ∗  

𝑎

β1
+

ℰ𝑐𝑟

ℰ𝑐𝑢
 
𝑎

β1
− ℎ𝑓 ∗  λfr −

λfr∗ℰ𝑐𝑢

ℰ𝑐𝑟 ∗
𝑎

β1

∗

 ℎ𝑓 −
𝑎

β1
 

 

 ∗ bw + λfr ∗ (h −
𝑎

β1
−

ℰ𝑐𝑟

ℰ𝑐𝑢
 
𝑎

β1
) ∗ bw  + AS fs                    ---- (5-59)                                                                                                                                                                                                                                

The value of (a) of this equation can be calculated by trial and error. 

For T-Section with a/β > hf: 

a = 
λ fr  h bw β1+ A s fsβ1− (bf−bw )(γ1ƒ𝑐

′  hf )β1

𝑏𝑤 γ1ƒ𝑐
′  β1 +0.5 λfr  

ℰ𝑐𝑟
ℰ𝑐𝑢

  bw +λ fr   bw

       ---- (5-60) 
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5.6.4 Estimation of Internal Moment Caused by the Compressive Force 
CF:  
For T-Section with a≤ hf: 

MCF= 𝑏𝑓  γ1 f 'c 
a 2

2
                               ---- (5-61) 

For T-Section with a> hf: 

    MCF= 𝑏𝑤  γ1 f 'c 
a 2

2
   + (𝑏𝑓 − 𝑏𝑤) γ1 f 'c hf (𝑎 −

ℎ𝑓

2
)   ---- (5-62) 

5.7 Balanced Steel Ratio (ρb): 

        Balanced steel ratio is that ratio of longitudinal steel reinforcement at 

which concrete reaches its ultimate strain value simultaneously with 

longitudinal steel bars yielding. This ratio is an important scale with which 

the type of failure of a particular reinforced concrete member can 

theoretically be predicted. For example a beam having lower steel bar ratio 

than balanced steel ratio (𝜌𝑏) is called an under-reinforced beam whose 

failure is characterized by yielding of steel (ductile failure), while a beam 

having steel ratio higher than (𝜌𝑏) is called over-reinforced beam and it fails 

by crushing of concrete (brittle failure). Although RPC matrix contains steel 

fibers which increase ductility of concrete, but it is still important and 

beneficial to assess the balanced steel ratio of the section for design 

requirements. For T-section RPC beams, the equation defining the balanced 

steel ratio (𝜌𝑏) of the section can be established as follows; 

From strain distribution of Figures (5-11) and (5-12), it can be concluded 

that: 

                                               𝑐 =
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑       ---- (5-63) 

 This equation is used to derive ρb for T-section RPC beams as follows:  
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5.7.1 Balanced Steel Ratio (ρb) for T-Section with N.A in Flange: 

        Referring to strain distribution of Figure (5-11) it can be derived ρb as 

follows: 

1. When (c + xcr) < hf  then : 

From equilibrium equation: 

 

Figure (5-11) Strain distribution at steel yielding in T-section with N.A 
in flange  

 

𝑏𝑓  γ1 f 'c  β1 c = 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 + λfr ∗  (ℎ𝑓

 
− 𝑐 −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) ∗ 𝑏𝑓 +

λfr ∗ hw∗𝑏𝑤+ AS ƒy                                                                                          ---- (5-64)                                                                                                               

Substitute Equation (5-63) and (As= ρb bf d) in Equation (5-64) then: 

𝑏𝑓  γ1 f'c β1 (
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
) 𝑑 = 0.5 ∗  λfr ∗  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 ∗ 𝑏𝑓 + λfr ∗  (ℎ𝑓

 

−

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 −  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑) ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤+ ρb bf d fy             ----(5-65)                                         

Divided Equation(5-65) by (bf d fy) to become: 
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ρb= γ1 
𝑓′𝑐

𝑓𝑦
  β1  

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
  - 0.5

𝜆𝑓𝑟

𝑓𝑦  
∗

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 +

𝜆𝑓𝑟

𝑓𝑦  
(
ℎ𝑓

𝑑
− 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
−

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
) +

𝜆𝑓𝑟   ℎ𝑤𝑏𝑤

𝑏𝑓  d 𝑓𝑦  
 ----(5-66) 

2.When (c+ xcr) =hf  then: 

From equilibrium equation: 

     𝑏𝑓  γ1 f 'c  β1 c = 0.5λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑓 + λfr ∗ hw∗𝑏𝑤+ AS fy          ---- (5-67) 

    Substitute Equation (5-63) and (As= ρb bf d) in Equation (5-67) then: 

𝑏𝑓  γ1 f 'c  β1 
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 = 0.5 λfr  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 𝑏𝑓 + λfrhw𝑏𝑤+ + ρb bf d fy                    

                                                                                                   ---- (5-68)                                                                     

Divided Equation(5-68) by (bf d fy) to become: 

ρb = γ1 
𝑓′𝑐

𝑓𝑦
  β1 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
  −0.5 

λfr  

𝑓𝑦  
 

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
−

𝜆𝑓𝑟   ℎ𝑤𝑏𝑤

𝑏𝑓  d 𝑓𝑦  
                           ---- (5-69) 

3.When (c+ xcr) >hf  and c=hf then: 

From equilibrium equation: 

𝑏𝑓  γ1 f 'c  β1 c = 0.5 ∗  λfr ∗
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 ∗ 𝑏𝑤 + λfr ∗ (hw −

ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐) 

  

𝑏𝑤   + AS fy                       

---- (5-70)                                                                

Substitute Equation (5-63) and (As= ρb bf d) in Equation (5-70) then: 

𝑏𝑓  γ1f'cβ1 
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑=0.5 ∗  λfr  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 𝑏𝑤 + λfr(hw −  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 )   𝑏𝑤  + ρb 

bf d fy                                                                                        ---- (5-71)                                                                           
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Divided Equation(5-71) by (bf d fy) to become: 

ρb = γ1 
𝑓′𝑐

𝑓𝑦
  β1 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
+0.5 

λfr  

𝑓𝑦  
 

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦

𝑏𝑤

𝑏𝑓
−

𝜆𝑓𝑟   ℎ𝑤𝑏𝑤

𝑏𝑓  d 𝑓𝑦  
                      ---- (5-72) 

4.When (c+ xcr) > hf  and c< hf then : 

ρb= 
 γ1 f′ c  β1

  𝑓𝑦
 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 −

0.5

 d 𝑓𝑦
∗  

λ fr∗ℰ𝑐𝑢
ℰ𝑐𝑟 ∗ℰ𝑐𝑢
ℰ𝑐𝑢 +ℰ𝑦

 𝑑  
∗  ℎ𝑓 −

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑  

2

−  
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 +

 
ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 − ℎ𝑓 ∗

λfr∗ℰ𝑐𝑢
ℰ𝑐𝑟 ∗ℰ𝑐𝑢
ℰ𝑐𝑢 +ℰ𝑦

 𝑑  
∗  ℎ𝑓 −

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑  ∗

bw

𝑏𝑓  d 𝑓𝑦
−

0.5∗bw

𝑏𝑓  d 𝑓𝑦
∗

 
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 +

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 − ℎ𝑓 ∗  λfr −

λfr∗ℰ𝑐𝑢
ℰ𝑐𝑟 ∗ℰ𝑐𝑢
ℰ𝑐𝑢 +ℰ𝑦

 𝑑
∗  ℎ𝑓 −

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑  

 

 −

λfr  b w

𝑏𝑓  d 𝑓𝑦
∗ (h −

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 −  

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 )                   ---- (5-73) 

 

5.7.2 Balanced Steel Ratio for T-Section with N.A in web : 

Referring to strain distribution of Figure (5-12) it can be derived ρb as 

follows: 

 

Figure (5-12) Strain distribution at steel yielding in T-section with N.A 
in web  
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From equilibrium equation: 
 

(𝑏𝑓 − 𝑏𝑤 ) (γ1 f ′c  hf)    +  𝑏𝑤  (γ1 f ′c  β1 c)   =  0.5λfr  
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐  bw +

 λfr  (h −  
ℰ𝑐𝑟

ℰ𝑐𝑢
 𝑐 − 𝑐 )  ∗ bw   + 𝐴𝑠   𝑓𝑦                                                ---- (5-74) 

   
Substitute Equation (5-63) and (As= ρb bf d) in Equation (5-74) then: 

(𝑏𝑓 − 𝑏𝑤 ) (γ1 f ′c   hf)    +  𝑏𝑤  (γ1 f ′c  β1 
ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑)     =

 0.5λfr  
ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑  bw +  λfr  (h −

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
 𝑑 −

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
 𝑑)  ∗ bw + 𝐴𝑠   𝑓𝑦      

                                                                                                        ---- (5-75)                                                                       

ρb=
(𝑏𝑓−𝑏𝑤 ) (γ1 f ′c   hf )

bw d 𝑓𝑦
+ γ1 

f ′c

𝑓𝑦
 β1 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
+ 0.5

λfr

𝑓𝑦
 

ℰ𝑐𝑟

ℰ𝑐𝑢 +ℰ𝑦
−

𝜆𝑓𝑟   ℎ  𝑏𝑤

𝑏𝑤  d 𝑓𝑦  
+

λfr

𝑓𝑦
 

ℰ𝑐𝑢

ℰ𝑐𝑢 +ℰ𝑦
                                                                                           ---- (5-76)   

                                                                     

  5.8 Evaluation of Suggested Moment Capacity Equations: 
        To evaluate the suggested moment capacity equations of this chapter, 

these equations were applied to analyze RPC T-beams of this study and their 

results were compared with the experimental results as shown in Table (5-1). 

        It can be noted from this table that the results of equations using 

rectangular stress block for compression area in terms of (compression area 

AC, moment of compression area MCF and ultimate load Pult) are close from 

the results of equations using stress-strain diagram for compression area. 

This means that equations of γ1 and β1 are effective for transfer the curved 

stress of compression area to rectangular stress block in terms of area value 

and location of resultant. On the other hand the table reveals that the 

theoretical results are with a good agreement with the experimental results in 

term of ultimate load capacity.  
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Table (5-1) Comparison between results of equations using stress-strain 
diagram and using rectangular stress block for compression area as well 

as experimental results of RPC beams 

B
ea

m
 

Results of equations 
using stress-strain 

diagram for compression 
area 

Results of equations 
using rectangular  

stress block for 
compression area 

Exp. 
load 

AC
* 

(mm2) 
MCF

** 

(kN.m) 
Pult 

(kN) 
AC

* 

(mm2) 
MCF

** 

(kN.m) 
Pult 

(kN) 
Pult 

(kN) 

B2 267726 2.0607 122.41 267853 2.0546 122.42 129 

B3 259108 2.0695 119.61 259271 2.0595 119.62 122 

B4 251757 2.0986 117.19 251634 2.1347 117.24 118 

B5 217520 1.6124 105.19 217388 1.6232 105.12 110 

B6 139431 0.9804 78.48 139409 0.9756 78.41 82 

B7 180267 0.9342 81.69 180325 0.9312 81.36 77.5 

B8 363191 3.7922 182.76 363362 3.7810 182.77 182 

B9 456932 6.0025 225.53 457148 5.9848 225.55 242 

B14 283543 1.9557 125.00 283677 1.9499 125.01 142.5 

B15 299359 1.8893 127.44 299501 1.8838 127.45 158 

AC*: Compressive area   

MCF**: Moment of compressive area  
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Appendix A 
Data Fitting Parameters 

 
A-1 Evaluation of Data Fitting Parameters: 

        Goodness of fitting (according to the Datafit 9.0 Computer Program) of any 

predicted curve or relation can be carried out according to the following 

expressions: 

        𝑆𝑆E: the residual or error sum of squares (Squares of Sum of Errors), which 

decreases as goodness of fitting increases and can be calculated as follows: 

𝑆𝑆E=  n
i=1 (𝑌𝑖−𝑌𝑖

~)2                                                                                            (A-1) 

where: 

n: number of data points. 

𝑌𝑖: observed dependent variable. 

𝑌𝑖
~: estimated dependent variable. 

𝑅2: coefficient of multiple determination, which increases as goodness of fitting 

increases, ranges between one and zero. Its value ranges between one (which 

means the predicted curve passes through every observed data point) and zero 

(which means the regression model does not describe the data any better than a 

horizontal line passing through the average of the data points), and it can be 

evaluated as follows: 

𝑅2
=1− 

𝑆𝑆𝐸

𝑆𝑆𝑇
                                                                                                            (A-2) 

Where: 

𝑆𝑆T: total sum of squares and can be calculated as follows: 

𝑆𝑆E=  n
i=1 (𝑌𝑖−𝑌𝑖

−)2                                                                                           (A-3) 
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Where: 

𝑌𝑖
−: the average value of observed dependent variable. 

𝑅a2 : adjusted coefficient of multiple determination, which is always less than 𝑅2 . 

It is used to balance the cost of using a model with more parameters against the 

increase in 𝑅2 can be calculated as follows: 

𝑅a2=
 𝑛−1 𝑅2−𝑘

𝑛−1−𝑘
Where: 

𝑘: number of regression independent variables in the correlation model. 
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CHAPTER THREE 

EXPERIMENTAL WORK 

 
 

3.1 Introduction:  

        Response and behavior of any structural member under loads depend on 

the nature of its constitutive materials,   properties, dimensions and type and 

magnitude of the applied load. Thereby, studying flexural behavior of RPC T-

beams under static concentrated loads requires studying the mechanical 

properties of RPC as a material. 

        This chapter describes the experimental program of the tested beams, the 

construction materials used in this work, their characteristics, as well as 

experimental tests carried out on control specimens (cylinders and prisms).  

3.2 Experimental Program: 

          In this thesis, fifteen beams were tested to study the influence of steel 

fibers volumetric ratio (Vf), silica fume ratio (SF), tensile reinforcement ratio 

(ρ), hybrid section and flange width on the flexural behavior of singly 

reinforced RPC T-beams. The beams were divided into five groups as listed in 

Table (3-1). The beams were designed to have appropriate dimensions that 

can be manufactured, handled and tested as easy as possible. The nominal 

dimensions of the tested beams were 1300mm in overall length and 160mm in 

depth. The web of the beam was made with 110mm clear height and 100mm 

width. The flange was made with  50mm  thickness and  220mm  flange width 

for all groups except group five  of flange width parameter  which contains 

beams having flange width  260 mm and  300mm  as well as rectangular beam 
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with  100mm  wide and  160mm depth. All beams are simply supported with 

clear span of 1200mm tested under the action of two point loads as shown in 

Plate (3-1). The distance between the two point loads was kept constant at 

(400 mm).  

Table (3-1) Beam details and concrete properties 

Group 
No. 

Parameter Beam  Vf

% 
SF
% 

Tensile 
reinf. 

Concrete  in section 
Flange 

width(bf) 
(mm) 

1 
 

Changing 
Vf 

 

B2 2 25 2φ12 RPC 220 
B5 1 25 2φ12 RPC 220 
B6 0 25 2φ12 RPC 220 

2 Changing 
SF 

B2 2 25 2φ12 RPC 220 
B3 2 20 2φ12 RPC 220 
B4 2 15 2φ12 RPC 220 

3 
Changing 

ρ 

B7 2 25 2φ10 RPC 220 
B2 2 25 2φ12 RPC 220 
B8 2 25 2φ16 RPC 220 
B9 2 25 2φ12+2 φ16 RPC 220 

4 
Changing 
concrete 
in section 

B1 - - 2φ12 Normal in all section 220 
B2 2 25 2φ12 RPC in all section 220 
B10 2 25 2φ12 RPC only in flange 220 

B11 2 25 2φ12 
RPC only in flange 

and half web 
220 

B12 2 25 2φ12 RPC only in web 220 

5 
Changing 

flange 
width (bf) 

B13 2 25 2φ12 RPC 
Rectangular 

section 
B2 2 25 2φ12 RPC 220 
B14 2 25 2φ12 RPC 260 
B15 2 25 2φ12 RPC 300 

 

The details of each parameter are reviewed in the following articles:   

1. Steel Fibers Volumetric ratio (Vf): 

 Three RPC beams (B2, B5 and B6) with three ratios of steel fibers (2%, 

1% and 0%) respectively were used to investigate the influence of steel fibers 

volumetric ratio on behavior of RPC T-beams.  
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2. Silica Fume Ratio (SF) : 

Three RPC beams (B2, B3 and B4) with three ratios of silica fume 

(25%, 20% and 15%) respectively were used to investigate influence of silica 

fume on the behavior of RPC T-beams.   

        Figure (3-1) shows details of cross-sectional dimensional reinforcement 

of RPC beams of group one and two (beams B2,B3,B4,B5 and B6). 

3. Reinforcement Ratio (ρ) : 

        Four RPC beams (B7, B2, B8 and B9) with tensile reinforcement (2ф10, 

2ф12, 2ф16 and 2ф16+2 ф12) represent four ratios of reinforcement (0.005409, 

0.007849, 0.014169 and 0.0241626) respectively. These were used to investigate 

the influence of tensile reinforcement ratio on behavior of RPC T-beams. These 

ratios were calculated according to ACI Code as follows: 

𝜌 =
𝐴𝑠

𝑏𝑓∗𝑑
        ---- (3-1) 

Where: 

As : area of tensile steel reinforcement 

bf : width of flange 

d: depth of tensile steel in cross-section of beam 

        Figure (3-2) shows details of cross-sectional dimensions and 

reinforcement of RPC beams of group three (beams B7,B2,B8 and B9). 

4.  Hybrid Section :   

        Five beams (B1,B2,B10,B11 and B12) were used to investigate influence 

of partially using of RPC on behavior of T-beams as comparison with fully 

RPC beam and normal concrete beam. Figure (3-3) shows details of cross-

sectional dimensions and reinforcement of beams of group four (beams 

B1,B2,B10,B11 and B12). 
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5. Flange Width (bf): 

         Four RPC beams (B13, B2, B14and B15) with four different cross-

sections (rectangular beam and three beams with different flange width of 

220mm, 260mm, and 300mm) were used to investigate influence of RPC on 

various cross-section beams. Figure (3-4) shows details of cross-sectional 

dimensions and reinforcement of RPC beams of group five (beams B13, B2, 

and B14and B15). 

 

Plate (3-1) A typical RPC T-beam under test. 

 

 Figure (3-1) Details of cross-sectional dimensions and reinforcement of RPC beams 
of group #1 and #2 (beams B2,B3,B4,B5 and B6). 
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Figure (3-2) Details of cross-sectional dimensions and reinforcement of 
RPC beams of group #3 (beams B7,B2,B8 and B9). 
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Figure (3-3) Details of cross-sectional dimensions and reinforcement of 
RPC beams of group #4 (beams B1,B2,B10,B11 and B12). 
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Figure (3-4) Details of cross-sectional dimensions and reinforcement of 
RPC beams of group #5 (beams B13,B2,B14 and B15) 
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3.3 Construction Materials: 

3.3.1 Cement: 

        Ordinary Portland cement (type 1) supplied from Iraq, Sulymania, 

Tasloga factory is used in this study. The chemical and physical properties of 

this cement are shown in Tables (3-2) and (3-3) respectively. Test results 

indicated that the adopted cement conforms to the Iraqi specification 

No.5/1984 (51). 

3.3.2 Fine Aggregate: 

Two types of fine aggregate are used in this study: 

1. Natural sand from Al-Ukhaidher region was used for normal concrete 

mixes of this study. The fine aggregate has (4.75mm) maximum size 

with rounded particle shape and smooth. The grading of this type is 

shown in Table (3-4). The results indicated that the fine aggregate 

grading was within the requirements of the Iraqi specification 

No.45/1984 (52). Table (3-5) shows the specific gravity, sulfate content, 

and absorption of fine aggregate. 

 

2. Very fine sand with maximum size (600µm) is used for RPC. This type 

was separated by sieving. Its grading satisfied the fine grading in 

accordance with the Iraqi specification No.45/1984 (52). Table (3-6) 

illustrates the sieve analysis of the separated fine sand. Table (3-7) 

shows the specific gravity, sulfate content and absorption of fine 

aggregate satisfied the requirements of the Iraqi specification 

No.45/1984(52). 
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3.3.3 Coarse Aggregate: 

         For normal concrete, Crushed gravel of maximum size 14mm obtained 

from Al-Nebai source was used as coarse aggregate. Table (3-8) shows the 

grading of coarse aggregate which conforms to the Iraqi specification 

No.45/1984 (52). Table (3-9) illustrates the specific gravity; sulfate content and 

absorption of coarse aggregate. 

 
Table (3-2) Chemical composition (*) and main compounds of the cement 

Oxide            
Composition 

Abbreviation 
Content by 
weight (%) 

Limit of Iraqi 
Specification 
No.5/1984(51 ) 

Lime CaO 63.11 - 

Silica SiO2 20.66 - 

Alumina Al2O3 5.13 - 

Iron oxide Fe2O3 3.36 - 

Magnesia MgO 2.32 5.0 (max) 

Sulfate SO3 2.05 2.8 (max) 

Loss on ignition L.O.I. 2.39 4.0 (max) 

Insoluble residue I.R. 0.68 1.5 (max) 

Lime saturation 
factor 

L.S.F. 
 

0.88 (0.66-1.02)% 

Main compounds (Bogue's equation) 

Tricalcium Silicate C3S 54.72 - 
Dicalcium Silicate C2S 18.25 - 

Tricalcium Aluminate C3A 8.05 - 
Tetracalcium aluminoferrite C4AF 10.21 - 

*Chemical and physical analysis were conducted by National Center for 
Construction Laboratories and Researches. 
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Table (3-3) Physical properties of cement used in this study* 

 
      Physical Properties 

 
Test 

Results 

Limits of Iraqi 
Specification 
No.5/ 1984 

 
Specific surface area(Blaine method),(m2 /kg) 
 

320 230 (min) 

Setting time (vicat's apparatus) 
Initial setting time (hrs: min.) 
 
Final setting time (hrs : min.) 
 

1 : 50 
 

3: 40 

0:45 (min) 
 

10:00   (max) 

Compressive strength (MPa) 
3 days 
7 days 

 
27.2 
37.4 

 
15 (min) 
23 (min) 

Soundness (Autoclave method),% 0.22 0.8(max) 

* Chemical and physical analysis were conducted by National Center for Construction 
Laboratories and Researches. 

 

 

Table (3-4) Grading of fine aggregate used for normal concrete 
compared with the requirements of No.45/1984 (52) 

Sieve Size 
(mm) 

Cumulative 
Passing % 

Limits of No.45/1984 (52) 
Zone(4)  

4.75 97 90-100 

2.36 92 85-100 

1.18 88 75-100 

0.60 71 60-79 

0.30 30 12-40 

0.15 10 0-10 
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Table (3-5) Physical properties of fine aggregate 

Physical 
Properties 

Test 
Result 

Limit of Iraqi Specification No. 
45/1984(52) 

Specific gravity 2.7 - 

Sulfate content% 0.09% 0.5(max) 

 

                          Table (3-6) Grading of very fine sand   

Sieve Size 
(mm) 

Cumulative 
Passing % 

Limits of B.S. 882/1992 
Overall Grading (52) 

4.75 100 100 

2.36 100 80-100 

1.18 100 70-100 

0.60 100 55-100 

0.30 47 5-70 

0.15 9 0-15 

 
            
 
Table (3-7) Physical and chemical properties of very fine sand  

Physical 
Properties 

Test 
Result 

Limit of Iraqi Specification No. 
45/1984(52) 

Specific gravity 2.7 - 

Sulfate content% 0.07 0.5(max) 
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                   Table (3-8) Grading of coarse aggregate 

 Sieve Analysis 
(mm) 

Cumulative 
Passing % 

Limit of Iraqi Specification 
No. 45/1984(52) 

14 100 100 
10 87 85-100 
5 16 0-30 

2.36 2.2 0-10 

                 

Table (3-9) Physical and chemical properties of coarse aggregate 

Physical 
Properties 

Test Result Limit of Iraqi Specification 
No. 45/1984(52) 

Specific gravity 2.64 - 

Sulfate content 0.035% ≤ 0.1% 

 

3.3.4 Silica Fume:  

        A gray densified silica fume (which is a byproduct from the manufacture 

of silicon or ferro-silicon metal) was used, which was imported from Sika 

company. Silica fume is an extremely fine powder, its particles are hundreds 

of times smaller than cement particles, always used in small percentage either 

as partial replacement of cement or as an additive (as used in the present 

work) to enhance concrete properties. Chemical compositions of silica fume 

used in this investigation is given in Table (3-10), it can be noted that the used 

silica fume conforms to the requirements of ASTM C1240-04(53) . 
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Table (3-10) Chemical properties of silica fume 

Oxide Composition 
 

Abbre-
viation 

Oxide 
Content 

(%) 

Limit of Specification 
Requirement (ASTM C 

1240) (53) 

Silica SiO2 94.87 85.0 (min) 

Alumina Al2O3 1.18 - 

Iron oxide Fe2O3 0.09 - 

Lime CaO 0.23 - 

Magnesia MgO 0.02 - 

Sulfate SO3 0.25 - 

Potassium oxide K2O 0.48 - 

Loss on ignition L.O.I. 2.88 6.0(max) 

Moisture content - 0.48 3.0(max) 

 

3.3.5 High Range Water Reducing Admixture (Superplasticizer S.P.): 

        A high performance concrete superplasticizer  (also named High Range 

Water Reduction Agent HRWRA) based on polycarboxylic technology, 

which is known commercially as Glenium 51, is used in this study. 

        Glenium 51 has been primarily developed for applications in the 

premixed and precast concrete industries where the highest durability and 

performance is required. Glenium 51 is free from chlorides and complies with 

ASTM C494 type a (54).  Table (3-11) shows the properties of Glenium 51.   
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                        Table (3-11) Properties of Glenium 51  

Form Viscous Liquid 

Chemical composition 
Sulphonated melamine and naphthaline 

formaldehyde condensates 
Form Viscous liquid 
Color Light brown 

Relative density 1.1 gm/cm3 at 20 oC 

pH 6.6 
Viscosity 128µ 30 cps at 20 oC 
Transport Not classified as dangerous 
Labeling No hazard label required 

Chloride content None 

     . 
3.3.6 Steel Fibers:  

        Hooked ends mild carbon steel fibers with aspect ratio of 80 were used 

in this study. According to ASTM-A820-04 (55), this type of steel fibers is 

classified as (Type I). Its properties are listed in Table (3-12). 

                         

Table (3-12) Properties of steel fiber* 

Configuration  Property Specification 

 

 

 

 

Description Hooked 

Length 30 mm 

Diameter 0.375 mm 

Density 7800 kg/m3 

Tensile strength 1800 MPa 

Modulus of elasticity 200GPa 

Aspect ratio(Lf/Df) 80 

*Supplied by the manufacturer 
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3.3.7 Water: 

Tap water was used in all mixes and in the curing of the specimens 

3.3.8 Steel Bars: 

        Deformed steel bars of nominal diameter (ϕ10mm), (ϕ12mm) and 

(ϕ16mm) were used as tension reinforcement, while (ϕ8mm) deformed steel 

bars were used as stirrups and (ϕ5mm) deformed steel bars were used as 

transverse reinforcement of flange. The tensile tests for all these bars are listed 

in Table (3-13). The test results of bars (ϕ10mm), (ϕ12mm) and (ϕ16mm) 

satisfy ASTM A615 requirements (56). 

                             

Table (3-13) Properties of steel bars 

Nominal 
Diameter 

(mm) 

Actual 
Diameter 

(mm) 

Modulus of 
Elasticity 

(GPa) 

Yield 
Stress 
MPa 

Yield Strain 
(micro 
strain) 

Ultimate 
Stress 
MPa 

5 4.96 198.94 376 1890 495 

8 7.98 197.46 419 2122 516 

10 10.06 199.07 428 2150 495 

12 12.05 199.04 458 2301 562 

16 16.11 199.62 520 2605 625 

 

3.4 Concrete Mix Design: 

Two types of concrete mixes were used in this study: 

3.4.1 Normal Concrete Mix: 

       A normal concrete mix consisting of cement, fine aggregate, coarse 

aggregate, and water were used to cast the normal and hybrid beams (B1, 

B10, B11 and B12). Control specimen in the shape of cylinders and prisms 
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were also cast from this mix. The w/c of this mix was 0.45 and the 

proportions of cement, fine aggregate and coarse aggregate were 1:1.5:3 (by 

weight) respectively.  

3.4.2 Reactive Powder Concrete Mixes: 

        Reactive powder concrete  consisting of cement , fine sand, silica fume, 

steel fibers , superplasticizers and water were used to cast the RPC beams, as 

well as the control specimens (cylinders and prisms) of RPC. Five RPC mixes 

were used in this study.  Materials proportions of each mix are listed in Table 

(3-14). Many mix proportions were tried to get maximum compressive 

strength according to ASTM C39 ( 57) .The variables used in these mixes were 

the percentage of silica fume ratio (three percentages of silica fume as 

additive were used 15, 20 and 25%) and the volume ratio of steel fibers (three 

volume ratios were considered 0, 1 and 2%).  

Table (3-14) Properties of the different types of RPC mixes 

Mix
♣

 
Cement 
kg/m3 

Sand 
kg/m3 

Silica 
Fume* 

% 

Silica 
Fume 
kg/m3 

w/cemen
-titious 

S.P. ** 

% 

Steel 
Fiber***       

% 

Steel 
Fiber 
kg/m3 

M0,25 1000 1000 25 250 0.2 1.7 0 0 

M1,25 1000 1000 25 250 0.2 1.7 1 78 

M2,25 1000 1000 25 250 0.2 1.7 2 156 

M2,20 1000 1000 20 200 0.2 1.7 2 156 

M2,15 1000 1000 15 150 0.2 1.7 2 156 

♣ The letter M denotes Mix; the first number indicates the percentage of fiber content (Vf) and the 
second number indicates the percentage of silica fume (SF).        
* Percent of cement weight.  

** S.P.: Superplasticizer, percent of binder (cement + silica fume) weight.  

*** Percent of mix volume 
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3.5 Reinforcement Detail: 

        Different numbers and diameters of steel bars were used as longitudinal 

tension reinforcement at the bottom face of the web of RPC-T beams which 

were designed to ensure tensile mode of failure. For the flange, to prevent 

transverse bending failure of the flange transverse reinforcement (5mm 

diameter bars at 100mm c/c spacing) were used at the top of the flange 

overhangs .This reinforcement was calculated by treating the flange 

overhangs as cantilevers fixed at the face of the web and having a span equal 

to the length of the flange overhangs as shown in Figure (3-5). Also, to 

prevent shear failure of the section, 8mm diameter stirrups at 50mm c/c 

spacing in web was provided in the web. Also to fix these stirrups and the 

transverse reinforcement of the flange, 4ф5mm smooth bars were used at top 

of flange. The steel details of all the bars used as longitudinal reinforcement, 

stirrups and transverse reinforcement at the top of the flange overhangs are 

shown in Plate (3-2). 

 

 

Figure (3-5) (a) Transverse bending of T-beam flange (b) Shear and moment 
diagrams for flange overhang 
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 Both longitudinal and transverse steel bars were arranged and connected 

together by using (1mm) steel wires to form the required reinforcement cage. 

The reinforcement cage was placed inside the mold and (15mm) clear covers 

were used for tensile reinforcement and stirrups. It was assumed that no bond 

slip between the longitudinal tension steel and the concrete would occur 

because: 

 

                      Plate (3-2) Details of flexural beam reinforcement 

1- Deformed steel bars were used as tension reinforcement. 

2- Closely spaced stirrups would hold the longitudinal tension steel to the 

body of the beam and reduce the possibility of failure caused by the steel 

tearing through the concrete cover. 

3. The longitudinal steel bars were hooked at the two ends. 

3.6 Concrete Vibrators:   

        Vibrating table consists of (1.0x1.5m) table made of (10mm) thick steel 

plate is used in this work. The source of vibration was a rapidly rotating 
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eccentric weight which makes the table vibrates with a simple harmonic 

motion. The vibrator was manufactured by Marui Company, Japan. The 

frequency of vibration was (7000rpm). 

3.7 Mixing Procedure:  
 
        RPC was mixed by using a horizontal rotary mixer with (0.1 m3) capacity 

available in the structures laboratory, College of Engineering, Al-Mustansiriya 

University. Dry materials (cement, sand and silica fume) were first mixed for 

3 minutes. Superplasticizer was added to the water and stirred, then the liquid 

was added to the dry mix during the mixing procedure and all were mixed for 

3 minutes. Then the mixing process was stopped to shovel the mix by hand 

and then restarted for 3 additional minutes. This step was repeated in three 

cycles to insure the homogeneity of the mix. After the third cycle, steel fibers 

were all added by hand while mixing was incorporated for 3 minutes. The 

total mixing time was about 25-30 minutes.  

        The normal concrete was mixed using the same mixer according to the 

conventional mixing of normal concrete.  

 

3.8 Casting Procedure:  

The steel molds of the T-beam specimens were cleaned thoroughly, tightened 

well and the internal surfaces were oiled with thin engine oil to prevent adhesion 

of the hardened concrete adhesion with molds. Steel bars were fixed at their 

correct position inside the beam moulds and then all specimens were filled with 

concrete in 50 mm height layers. Each layer was compacted by external table 

vibrator for 75 seconds to minimize the air voids and to get well compacted 

concrete. The accompanied control specimens of cylinders and prisms were also 

cast and vibrated together with the T-beam specimens. 
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All the cast T-beams and their control specimens were covered with 

polyethylene sheets to prevent loss of moisture. 

 

3.9 Curing Procedure: 

After 24 hours from casting, the T-beams and control specimens were taken 

out of the molds, marked and immersed in water tank for curing till age of 28 

days. The curing satisfied the requirements of ASTM C192 (58). 

 

3.10 Testing of Control Specimens:  

For each mix the following tests were carried out: 

3.10.1 Compressive Strength: 

       Compression test was carried out on concrete cylinders of 100X200 mm 

at age 28 days after casting according to ASTM C39 ( 57)
 using hydraulic 

testing machine to determine compressive strength. Average of three 

specimens were used to obtain the mean compressive strength as required by 

ACI 318M-11 Code 
(59).

 

 

3.10.2 Splitting Tensile Strength: 

        The splitting tensile strength tests were  carried out on concrete cylinders 

of 150X300mm at 28 days age after casting according to ASTM C 496-04 (60) .  

Each cylinder was loaded continuously up to failure using a digital testing 

machine. The average splitting tensile strength of three cylinders was adopted 

for every mix.        
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3.10.3 Modulus of Rupture: 

        Modulus of rupture tests were carried out on concrete prisms specimens 

of 100X100X500mm at 28 days age after casting. Each prism was tested as 

simply supported with clear span of 300 mm. The prisms were subjected to 

two point loading according to the ASTM-C78 specification (61). The average 

of three prisms was adopted for every mix. 

 
 

3.10.4 Compressive Stress-Strain and Modulus of Elasticity Tests: 

         RPC cylinders of 100X200mm dimensions at 28 days age after casting 

were tested under uniaxial compression for each mix to get the compressive 

stress-strain diagrams as well as modulus of elasticity. Two demec points 

were attached along the side of the cylinder at 50mm gauge length, and the 

distance between these points was measured at each stage of loading by using 

ELE digital extensometer with accuracy of 0.01 mm.  These tests were carried 

out according to ASTM C469 (62).  

 

3.11 Testing of Beams: 

       At the age of 28 days after casting, all beams were taken out from the 

curing water tank, left to dry, and then painted with white color so that cracks 

can be easily detected. All beam specimens were tested up to failure by using 

the universal testing machine (MFL system) of capacity 2500 kN under 

monotonic loads as shown in Figure (3-6) and Plate (3-3). A dial gage of 

0.002 mm accuracy was attached firmly to the bottom face of midspan to 

record midspan deflection. Longitudinal strains were measured at seven 

locations across the depth of the beam at mid-span by using demec points as 

shown in Figure (3-7).The beams were loaded with two-point loads. The 
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applied loads were distributed across the entire width of the upper flange 

using steel bars under hydraulic jack. The loads were applied in successive 

increments up to failure in every 5 kN step the mid span deflection was 

recorded  and at each 20 kN the strain reading was taken using ELE digital 

extensometer of 0.01 mm accuracy. 

          

 
Figure (3-6) Schematic of RPC T-Beam in universal testing machine 

(MFL system) 
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Figure (3-7) Beam side view showing locations of demec points 

 
 
 

 
Plate (3-3) A typical RPC T-beam under test 
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CHAPTER ONE 
INTRODUCTION 

1.1 General: 

        Reactive powder concrete (RPC) is one of the latest and most important 

developments  in concrete technology , it has received great attention in 

recent years in the world due to its superior mechanical properties such as; 

high strength, high ductility, high durability, limited shrinkage, high 

resistance to corrosion and abrasion (1,2). RPC is also known as ultra high 

performance concrete (UHPC) according to its superior structural 

performance. It consists of  large quantity of cement , crushed quartz or fine 

sand (with particle size less than 600 µm) , silica fume , fibers, new 

generation of superplasticizers, low  w/c  ratio (less than 0.2) , and no coarse 

aggregate(3). 

        RPC is quickly growing as an excellent alternative to conventional 

concrete and even high strength concrete in many important structural 

applications such as bridges, factories and power stations; therefore, there is 

increasing need to understanding the mechanical properties and structural 

behavior of this new construction material. Behavior of RPC beams is one of 

the fields which requires more studies because until this time there are still 

few researches dealing with this field and there is certainly lack of 

information about the analysis and design of RPC structural members. 

Therefore, this thesis aims at studying experimentally and theoretically the 

flexural behavior of simply supported RPC T-beams under static load. In 

addition, some important mechanical properties of RPC composite, are also 

experimentally established which constitute data needed for the analysis and 

design of RPC structural members. 
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1.2 Reactive Powder Concrete: 

        Reactive powder concrete is a type of concrete which exhibits superior 

mechanical and durability properties, this belongs to its ingredients (types 

and proportions), mixing efficiency, pressing after placing and curing 

regime. Each step of preparing RPC and each one of RPC ingredients play 

important and significant role in getting high superior properties (4). 

        conventional concrete is a heterogeneous material; in which coarse 

aggregate and cement paste exhibit different strength and modulus of 

elasticity under stresses, this makes the bonds between these two 

components the weakest points in the concrete resulting in micro-cracks and 

internal defects.  While RPC is based on the principle that a material with a 

minimum defects such as micro-cracks and internal voids will be able to 

achieve a greater strength and obtain enhanced durability properties. This is 

verified by (1,3): 

 Elimination of coarse aggregate and replacement by fine aggregate 

such as crushed quartz of less than 600 µm.  

  Reduction of aggregate /cement matrix ratio.  

 Improvement of the mechanical properties of the paste by using 

special components materials. 

        These can reduce the heterogeneity of concrete, making it a 

homogeneous material and providing a very dense mixture by minimizing 

the concrete voids and internal defects, thus the concrete gets excellent 

properties in terms of strength and durability and other aspects. 

 

 

 



Chapter One                                                                                  Introduction 

 

 
3 

 

1.3 RPC ingredients: 

         The ingredients of RPC and their individual roles are reviewed in the 

following items:  

1. Cement: 

        RPC contains a large quantity of cement (900-1000 kg/m3), therefore, 

the type of cement has an important role in RPC performance. The 

predominant factors in the choice of RPC cement are strength, development 

and durability. The calcium silicates (C3S and C2S) and to a lesser extent 

calcium aluminate (C3A) are the cement constituents predominantly 

responsible for strength of the hydrated cement paste. Although C3A 

contributes somewhat to early strength development but its presence is 

generally undesirable after hydration and can lead to durability implications 

in the long term. For this reason the suitable cement for RPC is of a low 

(C3A) content and relatively high (C3S) and (C2S) contents (5). 

2. Fine sand:  

        High content of fine sand or crushed quartz with maximum particle size 

less than 600µm is used in RPC to occupy the quantity of eliminating coarse 

aggregate. Replacement of coarse aggregate by fine sand lead to formation 

of more homogeneous material having the following benefits (1):  

 Increase in granular packing leads to an increase in the density of RPC. 

 Increase in the pozzolanic reaction during heat curing provides a 

corresponding increase in early age strength. 

 Reduction in micro cracking between the aggregate and paste interface.   

These benefit increase strength of RPC and improve its durability. 
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3. Silica fume: 

        Silica fume is a pozzolanic material, which is a byproduct from the 

manufacture of silicon or ferro-silicon metals and it is an extremely fine 

powder.  Its particles are hundreds of times smaller than cement particles (6). 

Silica fume has three functions in RPC: 

 Filling the voids between the cement particles. Since silica fume 

particles have grain size much smaller than cement particles, 

therefore silica fume can act as fillers in the cement paste matrix.  

Figure (1-1) shows two dimensional representation of this action(7). 

 Enhancement of rheological characteristics by the lubrication effect 

resulting from the perfect sphericity of the basic particles. This leads 

to optimal distribution of concrete ingredients (8). 

 Production of secondary hydrates by pozzolanic reaction with the 

lime resulting from the primary hydration (9). 

 

Figure (1-1(Two-dimensional schematic comparison particle       
packing of normal strength concrete (a) and UHPC (b) (10).  
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4. Fibers: 

        There are many types of fibers according to its consistent material such 

as glass, carbon, polymer and other materials but the most common type 

used in RPC is steel fibers. 

        Steel fibers are defined as short, discrete lengths of steel having an 

aspect ratio (ratio of length to diameter) ranging between 20 to 100, with a 

variety of cross-sections that are sufficiently small to be randomly dispersed 

in an unhardened concrete mixture using usual mixing procedures (11). The 

use of steel fibers in RPC improves the load-displacement behavior and 

consequently increases ductility and fracture toughness. This can be traced 

back to the fact that the fibers are able to transfer emerging loads by 

bridging the cracks. After reaching the maximum load, the presence of steel 

fibers helps in obtaining a descending part of the load-displacement curve 

and prevents a sudden drop down of the curve. Such behavior depends 

mainly on length, type and content of fibers. There is also the fact that the 

presence of fibers increases the stiffness and density of concrete and delays 

cracks formation (12). Therefore, it is possible to increase the compressive 

and tensile strength of the concrete due to the absorption of stresses within 

the crack process zone by means of fibers. This makes the crack process 

being hindered (13). 

5. Superplasticizers:         

        Superplasticizers (also known as high range water reducers) are 

chemical materials used as admixtures to reduce w/c ratio of concrete with 

keeping good workability (14). The mechanism of superplasticizers in 

concrete is dispersing agglomerated cement particles which liberate 

restricted water, lubricate thin layer among cement particles, make 
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electrostatic repulsion among molecules, reduce the surface tension of mix 

water, delay hydration of cement particles, change the chemical composition 

of hydration products and improve the flow characteristics (rheology) (15,16). 

In RPC, high ratio of superplasticizers is used to reduce w/c ratio to less than 

0.2 resulting in an increase in the strength and durability due to decrease in 

voids inside the microstructure of concrete. 

 

1.4 Pressing of RPC:   

        According to Richard and Cheyrezy (1,3), Ipek (17,18)  and  Jungwirth 

(19)  , pressing RPC during the setting will increase its strength and improve 

the durability by: 

1. Reduction of entrapped air: 

        The application of pressure on concrete eliminates or considerably 

reduces air bubbles in a few seconds. 

2.  Excess water removal : 

        If pressure is applied for several minutes to fresh concrete for which the 

formwork is not totally watertight, water will be expelled via the formwork 

interstices. These must be sufficiently narrow to prevent extrusion of the 

finest solid particles. This can be achieved simply by removing the 

waterproof seals of metal molds.  

3. Chemical shrinkage compensation: 

        If the applied pressure is maintained through the setting phase of 

concrete, for typically 6 to 12 hours after mixing, part of porosity appearing 

in the sample as result of chemical shrinkage can be eliminated. 

        The pressure applied during setting induces microcracking in the 

sample, this microcracking is due to the fracture of rigid bridges created 
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during setting, and expansion of the aggregate when the pressure is released, 

and the microcracks subsequently heal as the test piece hardens (1,3). 

        Taken together, the effects described above lead to very densified 

concrete resulting in superior mechanical properties. 

 

 1.5 Curing of RPC: 

        Richard and Cheyrezy (1, 3), Graybeal and Hartmann (20), Tai et al (21), and 

Chang et al (22) indicated that heat curing enhances the microstructure and 

mechanical performance of RPC. Heat treating is performed after the 

concrete has set, by simply heating at ambient pressure.  Heat-treating at 

90°C substantially accelerates the pozzolanic reaction, while modifying the 

microstructure of the hydrates which have formed. However these hydrates 

remain amorphous. 

       High temperature heat-treating (at between 250 and 400°C), only 

applicable to fibered RPC, leads to the formation of crystalline hydrates, 

accompanied by major dehydration of hardened paste 

1.6 Advantages of RPC: 

       RPC has many advantages as compared with conventional concrete. 

These advantages can be summarized as follows (23, 24): 

1- Very high strength of RPC provides the ability to construct smaller cross-

section members as compared with members constructed from conventional 

concrete. This results in significant reduction in dead load and increase in 

usable internal spaces.  
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2- RPC provides improved seismic performance due to its high ductility and 

by reducing inertia loads with lighter members (smaller cross-section), 

allowing larger elastic deflections and providing higher energy absorption. 

 

3- Its high capacity of energy absorption, makes it suitable to be used in 

panels and components or structures subjected to explosions such as shelters, 

government buildings and for military purposes.  

 

4- Its extremely low and non-interconnected porosity prevents transfer and 

penetration of liquid, gas or radioactive elements, therefore it is suitable to 

be used in nuclear reactors, chemicals factories, chemically aggressive 

environments, and areas prone to freezing and thawing. 

 

5- Enhanced abrasion resistance provides extended life for bridge decks and 

industrial floors. 

 

6- RPC structures require low maintenance in their service life.  

 

7- It has very low creep and shrinkage, which makes it a perfect selection for 

prestressed applications.  

 

8- Its high shear resistance eliminates the need for supplemental shear and 

other auxiliary reinforcing bars compared with ordinary concrete.  

 

9- Casting ease and fluidity provide the ability of construction large-scale, 

highly complex, very thin precast structures. Fair face sections can be very 

perfect making the finishing simpler and less costly.  
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10- The elimination of supplemental reinforcing steel allows nearly limitless 

structural member shape and form freedom and also reduces high labor cost 

associated with it (25). 

  

11- A significant amount of unhydrated Portland cement in the finished 

product provides a self-healing potential under cracking conditions (25). 

 

1.7 Disadvantage of RPC:  

        The disadvantage of RPC is that its ingredients are expensive and 

require special attention at preparing, mixing, handling, casting and curing, 

therefore using RPC in structural application requires special analysis to use 

smaller section size to reduce the overall cost. 

 

1.8 RPC Applications:   

      During the last 20 years, RPC has been widely considered as one of the 

most promising construction materials in Civil Engineering. The use and 

applications of RPC have significantly expanded. The most typical 

applications of RPC may be summarized in the following items:       

        The Sherbrook Pedestrian/Bikeway Bridge was the first major structure 

built using RPC. It was completed in July 1997 in Canada. The bridge 

superstructure is a posttensioned open-web space truss. Unconfined RPC, 

with a compressive strength of 200MPa, was used in the deck and top and 

bottom chord elements of the truss. RPC confined in stainless steel tubes, 

with a compressive strength of 350MPa, was used for the construction of the 

diagonal web members. The bridge consisted of 6 pre-fabricated match-cast 

segments. The segments were assembled on site using internal and external 

post-tensioning (Figure 1-2). A comparative study showed that the same 
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structure made by HPC would have required a thickness for the deck of 375 

mm rather than 30mm thickness used(26, 27)
.  

 

Figure (1-2) Sherbrooke footbridge, Canada (27) 

       Following the success of the Sherbrooke Pedestrian/Bikeway Bridge, 

RPC pedestrian bridges have been built in several other countries. The 

Seonyu Footbridge (Plate 1-1) is a 120m long and quite slender arch bridge 

on the Han River near Seoul, Korea. It is a post-tensioned segmental bridge 

consisting of 6 segments, each 20m in length, with a walkway thickness of 

30mm. The Maeta Footbridge is a 50m long bridge in Japan. The bridge is 

post-tensioned and consists of castellated beam elements. Both the Seonyu 

and the Maeta footbridges were fabricated using steel-fiber reinforced RPC. 

Bouygues Construction made a comparison assuming that these bridges 

made from conventional concrete, they concluded that these bridges require 

quantity of conventional concrete twice that of RPC.  
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Plate (1-1) Seonyu footbridge (27) 

        The bridge at Shepherd’s Gully Creek (New South Wales, Australia) 

(Plate 1-2) is the first RPC bridge structure in the world that has been 

constructed for normal highway traffic. The bridge is a single span bridge, 

15m in length with a width of 21m containing four traffic lanes plus a 

footway. The superstructure consists of precast, pretensioned RPC beams 

along with precast, pretensioned RPC deck slabs. An in-situ connection is 

designed to provide composite action between the deck slabs and beams. 

The beams are I-shape cross-sections with a depth of 600mm and a weight 

of 280kg/m. The spacing between adjacent beams is 1.3m. The slab sections 

are each 2m wide with a depth of 110mm and a weight of 275 kg/m2. The 

total weight of the superstructure is 490kg/m2. This is approximately 40% of 

the weight of a conventional concrete bridge superstructure ( 28). 
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Plate (1-2) Shepherd’s Gully Creek bridge
(27) 

        During years 1997 and 1998, steel beams of cooling towers Cattenom 

power station (Plate 1-3) were replaced by RPC beams. The extremely 

aggressive environment of the cooling towers induces important corrosion of 

the steel structures. RPC with its outstanding qualities in terms of durability 

allows replacing steel beams with light elements (use of RPC allows 

reduction of the structure self weight by a factor of 3) with very long 

lifetimes without maintenance or repairing (26).  

 

Plate (1-3) Cattenom power station beams, France (26) 



Chapter One                                                                                  Introduction 

 

 
13 

 

    More applications of RPC are found in the following structures ( 27, 28 and 

29): 

• Martel tree , France 

•  Bercy school panels ,France  

•  Monaco station panels,Monaco 

• Rhodia panels, France  

• Shower cabins, France  

• Sofia Queen Museum, Madrid, Spain  

•  Eraring Power Station, Australia  

•  Papatoetoe Railway Station, New Zealand  

      All these structures prove  that RPC is an excellent alternative to 

conventional concrete and even high performance concrete (HPC) and this 

new concrete is a promising material in civil engineering. 

 
1.9 Objective of This Study: 
 
The present research aims at establishing the following: 
 

1.  Performing experimental tests and analyzing the results to study the 

effect of the percentages of steel fibers and silica fume on some important 

mechanical properties of RPC such as cylinder compressive strength, 

splitting tensile strength and modulus of rupture.  

 

2. Assessing compressive stress–strain relationship of RPC cylinders 

containing different percentages of steel fibers and silica fume, and 

establishing expressions to trace the compressive stress-strain relationship of 

RPC. 
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3. Performing experimental tests and analyzing the results to study the effect 

of varying the amounts of steel fibers, silica fume, tensile steel ratio, hybrid 

section and flange width on the flexural behavior of RPC tee beams. 

 

4) Deriving equations for estimating the nominal bending moment capacity 

(Mn) of T-section RPC beams based on the proposed compressive stress-

strain relationship.  

 

5) Proposing new coefficients to replace the curved compressive stress 

distribution of RPC by an equivalent rectangular one to facilitate estimating 

moment capacity of RPC T-beams. 

 

6) Calculating balanced steel ratio (ρb) for T-section RPC beams. 

 

7) Analyzing numerically the flexural behavior of RPC T-beams by 

modeling these beams first before applying ANSYS software based on three 

dimensional nonlinear finite element method. 

 

1.10 Layout of Thesis: 

        This thesis consists of eight chapters which can be summarized as 

follows:  

• Chapter One is the introduction chapter  

• Chapter Two presents a brief review of previous researches related with      

the properties of RPC and with the goals of the present research.  

• Chapter Three describes the properties of the raw materials and mixes 

used in the experimental work, as well as describing the tests of this study. 
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• Chapter Four describes and discusses the results of the present 

experimental tests.  

• Chapter Five: gives the basic concepts and derives the necessary 

equations required for predicting theoretically nominal bending moment 

capacity as well as the balanced steel ratio of the tested RPC T-beams. 

•  Chapter Six: deals with the use of finite element method, through 

ANSYS program to express the flexural behavior of the tested RPC T- 

beams. 

•  Chapter Seven: Presents comparison between the experimental results 

and the results obtained from the finite element analysis. 

• Chapter Eight summarizes the conclusions drawn from the present 

research with some recommendations for future studies.  
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CHAPTER TWO 
LITERATURE REVEIW 

 

2.1 Introduction: 

        RPC is a developing composite material that allows the concrete industry to 

optimize material use, generate economic benefits, and build structures that are 

strong, durable, and insensitive to environment. In the last two decades, many 

researches are presented on RPC framework. This chapter reviews the main 

contributions and researches about this new material. 

2.2 Historical Development: 

       The first production of RPC was in 1990 at Bouygues’ laboratory in France.  

Richard and Cheyrezy
 (1,3) published the pioneer report on RPC in 1994 in 

France. In that report they produced two classes of RPC: RPC200 and RPC800, 

which have nominal compressive strength of 200MPa and 800MPa ,respectively. 

The two classes consist of the same types of materials (Portland cement, fine sand 

with particles of 150-400microns, silica fume, superplasticizer , steel fibers and 

water),  but there are differences in mix proportion, curing regime and in using 

compacting pressure within setting. RPC800 was produced using compacting 

pressure (50MPa) and heat curing (250 to 400°C) , while RPC200 was produced 

without  compacting pressure and with normal curing. The mechanical properties 

of  RPC200 and RPC800 in terms of flexural strength, fracture energy, young's 

modulus as well as compressive strength are shown in Table (2-1).The produced 

concrete can be used for a variety of structural and non-structural applications (3).  
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Table (2-1) Mechanical properties of RPC200 and RPC800 as given in 
Richard and Cheyrezy report (1,3) 

Mechanical Properties RPC200  RPC800 

Compressive strength (MPa) 170 to 230 490 to 800 

Flexural strength (MPa) 25 to 60 45 to 102  

Fracture energy(J/m2) 15000 to 40000 1200 to 2000 

Young’s modulus (GPa) 54 to 60 65 to 75 

 

        In 1995, Cheyerzy et al (30) presented microstructural analysis of RPC. 

Influence of temperature on hydration and pozzolanic reaction were examined 

using Mercury Porosimetry, Thermogravimetric analysis and X-ray diffraction to 

better understand their microstructural properties depending on their heat 

treatment. It was shown that an increase in temperature led to a change in the 

microstructure of CSH hydrates. Pozzolanic activity is also intensified by 

temperature. Between 200°C to 250°C, the formation of a crystal hydrate, 

xonotlite, was observed. Parametric studies by mercury intrusion demonstrated the 

very low porosity of RPC , which never exceeds 9% in volume in the pore 

diameter range of 3.75µm to 100µm. It is nil in that range for pressed RPC cured 

between 150 and 200°C.      

        In  1996,  Roux et al (31)  studied the durability of RPC defined by measuring  

porosity , air permeability, water absorption  ,diffusion , migration of chloride ions, 

accelerated carbonation, resistance to reinforcement corrosion , resistivity , and 

resistance to mechanical abrasion. Results were compared with the characteristics 

of   grade 30 MPa concrete with low cement content and   grade 80MPa which is 

very high performance concrete. Two types of RPC were tested. The sole 
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difference between the specimens produced was in casting technique. The first one 

(RPC200) was table-vibrated in the laboratory whereas the second one (RPC800) 

was pressurized before and during setting with a pressure of 60MPa. Tests were 

conducted on 30 mm thick cylindrical specimens that were 70 mm in diameter, 

cured 28 days in water at 20°C with a relative humidity of 50% until moisture 

equilibrium. The results show that RPC displays excellent granular compactness 

and its low water content helps in reducing porosity.  

        In 1999,   Collepradi et al (32)    studied the influence of superplasticizers type 

on reactive powder mixtures in term of water to cement ratio and compressive 

strength. The materials used in preparing mixtures included  three types of 

superplasticizers  (acrylic polymer  AP , naphthalene  SNE  and melamine  SMF) ,  

two types of cement ; type A  with 0% of C3A and specific surface area of 340 

m2/kg  and type B  with 4% of C3A and specific surface area of 530 m2/kg  , three 

types of silica fume brands (W,G and D) which differed with respect to color, 

particle size and minor components, two types of steel fibers (with an aspect ratio 

of 31 and 72) as well as fine sand and water. Eighteen different mixtures were 

manufactured by changing the Portland cements (A and B), the silica fume brands 

(W,G and D) , and the superplasticizers types (AP,SNE and SMF) . All these 

mixtures had the same workability level: 150-160mm. The test was carried out on 

cubic specimens (40mm) which were compacted by vibration and then cured at 

room temperature (20 C°). Compressive strengths were measured at 1, 2,3,14 and 

28 days, in some cases X-ray diffraction (XRD) analysis was carried out to study 

the effect of the admixture on cement hydration. The test results showed that the 

acrylic polymer admixture performed better than SNF- or SMF-based 

superplasticizers in terms of lower w/c, regardless of the cement and silica fume 

type used in manufacturing RPM mixtures. However, when a C3A-free Portland 
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cement with low specific surface area (340 m2/kg) was used, the 1-day 

compressive strength was much lower with the AP admixture than with the SNF- 

and SMF-based superplasticizers particularly in the presence of white or dark silica 

fumes. By increasing the aspect ratio of the steel fibers from 31 to 72, the 

compressive strength increased by 20-30 MPa.  

        In 2004, Chan and Chu (33) studied the effect of silica fume on steel fibers 

characteristics in RPC, including bond strength , pullout energy ,etc. Various silica 

fume contents ranging from 0% to 40% were used in the mix proportions. Fibers 

pullout tests were conducted to measure the bond characteristics of steel fibers 

from RPC matrix. Molds as  infinity shape (∞) was used to prepare the fibers 

pullout specimen. The specimen was divided into two halves from the waist. Nine 

steel fibers with 13mm length were arranged in waist to bridge the two halves of 

the specimen. The experimental results showed that the incorporation of silica 

fume in RPC matrix remarkably enhanced the steel fibers–matrix bond 

characteristics due to the interfacial-toughening effect upon fibers slip. Based on 

the results of bond strength and pullout energy, the optimal silica fume–cement 

ratio was found to be in between 20% and 30%, given the conditions of this 

experimental program. At this silica fume dosage, the bond strength and the fibers 

pullout energy were the highest among all cases. Comparing to that of the matrix 

without silica fume, the enhancement in pullout energy due to silica fume was 

more significant than that in bond strength. At the optimal silica fume dosage 

(30%), the pullout energy was increased by approximately 100%, whereas the 

bond strength was increased by 14%. The difference can be attributed to the 

different mechanisms of silica fume on pullout energy and on bond strength. The 

microstructure of fibers pulled out from high silica fume content matrix revealed a 

great amount of cementitious materials adhering to fibers surface. Consequently, 
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the cementitious material contributed to the friction and resistance during the fibers 

pullout process. Therefore, the pullout energy was significantly enhanced when a 

certain amount of silica fume content was incorporated. 

        In  2007,  Gao (34)  studied the influence of dynamic loads on the properties of 

plain RPC and fibers reinforced RPC. The test program included two types of 

specimen ; concrete cylinder (150mm×75mm) and small beams(280mm×70mm× 

70mm) with a span of 210mm. The cylinders were tested in a standard test 

machine (MTS test apparatus capable of load rates up to 2500kN/s) and the beams 

were tested in bending in both the MTS machine and a custom built drop hammer 

rig. Each type of specimens included plain concrete and fibers concrete. The 

results showed that the plain and fibers reinforced RPC exhibited a significant 

increase in ultimate compressive and flexure strength under dynamic loading, plain 

RPC exhibited a compressive strength enhancement factor of 1.2 at loading rates of 

2×10-3 s-1 while fiber RPC showed a factor of 1.3 under of rate 1×10-3 s-1. The 

flexural strength of plain RPC showed significant enhancement with strain rate. 

Enhancement factors up to 3.5 at peak strain rates of 2s-1. Fibers reinforced 

specimens showed a lesser enhancement over this rate of loading with a peak 

factor of 2.4 observed. The addition of 1.5 %( by volume) of steel fiber 

significantly increased the flexure strength of RPC. However, there are no positive 

effects on compression under quasi static and higher rate loading. 

         In 2008,  Hoang et al (35)  investigated the influence of steel fibers type  on 

the properties of ultra high performance concrete (modified RPC).In this 

experiment ,short steel fibers (straight fibers) with aspect  ratio (Lƒ1/dƒ1=17/0.2) 

and long steel fibers (hooked ends) with aspect ratio  (Lƒ2/d ƒ2=35/0.5)   were added 

to the ultra high performance concrete in order to check improvement in ductility.  

The steel fibers volumetric ratio combination ranged between 0 to 2%, with 
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different ratios for each type. Test program consists of eighteen cylindrical 

specimens (75×150mm) in order to test compressive strength and nine prisms 

(75×75×300mm) so as to test flexural toughness and first crack strength. The 

specimens were with fibers and others without fibers. The curing regime for all the 

specimens was submerging in water, except six cylinders that were subjected to 

steam curing. The test results showed that flexural strength and toughness of ultra 

high performance concrete is improved by addition of steel fibers. The 

combination of short and long steel fibers in which short steel fibers is not less than 

1% volume is necessary to manufacturing ultra high performance concrete with an 

optimal mechanical performance. Also it was concluded that the properties of high 

performance concrete depend on the short steel fibers content.   

        In  2009,  Tai ( 36 )  studied the uniaxial compression at various loading rates 

for RPC, the specimens were made with different steel fibers volumetric ratios and 

the strain rate ranged from 10 s-1 to 103 s-1. The results showed that the static 

strength of high-strength reactive powdered concrete is significantly higher than 

that of normal concrete. A formula was given advanced to calculate the dynamic 

increase factor of reactive powdered concrete at various strain rates. The direct 

relationship between the dynamic energy absorption of a sample under high-strain 

rate and the steel fibers content was determined. 

       In 2010, Prabha et al (37) studied stress-strain properties of RPC under 

uniaxial compression. All the tests were carried out on concrete cylinder specimens 

of size (diameter=100 mm and height= 200mm) in the MTS Universal Testing 

Machine. Two types of steel fibers ((Lƒ /dƒ =6/0.16 and 13/0.16) and various 

dosages of steel fibers (0%,1% and 2% for 13mm, while 1%,2% and 3% for 6mm 

and a combination of 1% of 6mm and 1% of 13 mm and finally a combination of 

1% of 6mm and 2% of 13mm) were used in RPC  mix. The tests results showed 
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that the highest compressive strength was recorded for 2%-13mm fibers. However, 

when fibers combinations of 6mm and 13mm fibers were used, there was a 

reduction in compressive strength compared to highest compressive strength 

obtained for single size fibers; this was attributed to the reduction in workability 

and compaction density achieved as indicated by density ratios. The tests also 

showed that the elastic modulus of RPC mixes was found to be 21 %( for 2%-

6mm) to 24 %( for 2%-13mm) higher than that of RPC without fibers. It was 

concluded that MTI (modified toughness index) was a better measure of 

reinforcing action of fibers and their bridging action. It was also concluded that the 

ratio of ultimate to peak strain  was the highest for fibers combination of 2% 13mm 

and 1%6mm (4.65) following by 2%13mm (3.81) mix and 3% 6mm (3.73) mixes. 

The crack pattern shows formation of vertical cracks for lower percentages of 

small fibers reinforcement and diagonal cracks for higher percentages of fibers 

reinforcement. 3% of 6mm and 2% of 13mm seemed to be the optimum fibers 

contents for RPC as observed from the results obtained in this study.  

        In 2012, Peng et al (38) presented an experimental research on fire resistance 

of RPC, mainly on explosive spalling occurrence and residual mechanical 

properties exposed to high temperature. The residual mechanical properties 

measured included compressive strength, tensile splitting strength, and fracture 

energy. RPC was prepared using cement, sand, silica fume, steel fibers, and 

polypropylene fibers. After being subjected to high temperatures from 200 to 

600°C, the residual mechanical properties were determined. RPC spalled 

considerably under high temperature. After exposure to high temperatures from 

200 to 400°C, mechanical properties were enhanced more or less, which was 

attributed to further hydration of cementitious materials activated by elevated 

temperature. Compressive strength started to decrease after exposure to 400°C, but 
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tensile splitting strength and fracture energy started to decrease after exposure to 

200°C. It was concluded that incorporating hybrid fibers (polypropylene fibers and 

steel fibers) was a promising way to enhance resistance of RPC to explosive 

spalling, and a main objective for improving its fire resistance. 

        Blast-resistant characteristics of RPC was studied by Yi et al (39) , the blast-

resistant capacities of HSC and RPC were experimentally evaluated to determine 

the possibility of using  HSC and RPC in concrete structures susceptible to terrorist 

attacks or accidental impacts. Slump flow, compressive strength, split tensile 

strength, elastic modulus, and flexural strength tests were carried out. In addition, 

blast tests were performed on reinforced HSC and RPC panels. Incidental and 

reflected pressures, as well as maximum and residual displacements and the strains 

of rebar and concrete were results showed that HSC and RPC have better blast 

explosion resistance than normal strength concrete. 

        In 2012, Yiğiter et al (40)   studied the mechanical performance of low cement 

RPC, the possibility of producing a RPC with low cement content was aimed in the 

scope of this study. Cement was replaced with class-C fly ash (FA) up to 60% for 

this purpose. Three different curing conditions (standard water curing, autoclave 

curing and steam curing) were applied to specimens. Two series of RPC 

composites were prepared with bauxite and granite aggregates. Mechanical 

properties such as compressive strength, splitting tensile strength, flexural strength 

and fracture energy of composites were investigated. Test results showed that 

compressive strength of 200 MPa can be reached with low cement by using high-

volume fly ash. Thermally treated specimens showed that compressive strength 

values reached up to 400 MPa with external pressure application during setting and 

hardening stages. 
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2.3 Local Researches on RPC: 

        Numbers of studies were achieved locally in the field of studying the 

mechanical properties and behavior of RPC. Some of these studies are reviewed in 

the following items: 

        In 2005, Al-Wahili (41)  studied the performance of RPC containing rice husk 

ash as a pozzolanic material rather than silica fume. At the first hours after casting, 

the specimens of RPC were compressed with pressure of (15MPa)   to exclude the 

excess air and to increase the density. Later the specimens were subjected to high 

steam pressure with temperatures (90° or 160° C). The mixes consisted of ordinary 

Portland cement , fine sand (less 600µm) , steel fibers, superplasticizers, rice husk 

ash with ratios (10, 15 and 20 %) . The tests were achieved to assess compressive 

strength, flexure strength, dynamic modulus of elasticity, specific electric 

resistance and water absorption.   The results indicated that it was possible to 

achieve compressive strength reaching to 132 MPa and flexural strength 19.1 MPa, 

dynamic modulus of elasticity 48.61 GPa, specific electric resistance 84100 Ω –cm 

and water absorption 0.3 kg/m2 at age of 14 days. The tests also indicated that 

applying compression after setting and steam curing had significant influence on 

the tests results. The percentage increase in compressive strength of RPC subjected 

to pressure or curing by high pressure steam or both was 20.7,% 30.6% and 56.9%, 

respectively while for flexural strength it was 20.0%, 37.4% and 55.2%, 

respectively. The results also indicated that using 10% rice husk ash and 10% 

superplasticizers gave optimum results compared with other ratios.  

        In  2006, Al-Ne'aime (42)  studied static properties and impact resistance for two 

types of RPC, one contained local powders (reactive silica sand powder) as a 

pozzolanic material, while the second contained condensed silica fume. Comparison 

between original RPC in form of superplasticized cement mixture with powder 
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(reactive silica sand or silica fume ) , steel fibers ,and fine sand (<600 mµ and 

modified RPC (MRPC) where a natural aggregate (max size 8mm) was achieved to 

replace the fine sand of the cementitious binder. The work also included studying  

the influence of the superplasticizers type, particle size of powder ,fine sand type, 

particle size of fine sand and time of vibration on the performance of RPC –in terms 

of w/c and compressive strength. Furthermore the research included studying 

composition, mix design, compressive strength, flexural strength splitting tensile 

strength, static modulus of elasticity of RPC and modified RPC at various ages of 

curing and various curing temperatures and impact resistance for different ages. The 

results indicated that Glenium 51 performed better than SP1 or Melment 

superplasticizers in terms of lower w/c and compressive strength, the sand with 

particle size less than 300 mµ performed better than sand with particle size le ss than 

600 mµ in terms of compressive strength, regardless of the powder type used in 

manufacturing RPC mixtures. The results also indicated that it was possible to 

produce RPC and MRPC from glass sand as fine aggregate and by using two types 

of powders which gave the two types of concrete RPC and MRPC superior 

properties. Tests indicated that RPC and MRPC with local powder showed enhanced 

compressive strength, flexural tensile strength, splitting tensile strength, static 

modulus of elasticity and impact resistance but marginally lower than that produced 

by using silica fume as pozzolanic admixture. Finally the results demonstrated that it 

was possible to produce concrete of compressive strength up to 172 MPa, flexural 

strength up to 25.3 MPa, static modulus up to 45.95 GPa, and the splitting tensile 

strength up to 22.9MPa at the age of 28 days. The impact resistance in terms of the 

number of blows was 480 for 2.5 cm slab thickness and 1590 for 5cm thickness at 

180 days.    
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       In 2007, Kasser (43) studied the performance of reactive powder-self compacting 

concrete (RP-SCC) incorporating silica fume, and high performance high range 

water reducing agent plus stabilizing agent, in term of compressive strength, 

modulus of rupture, flexural toughness, dynamic modulus of elasticity, drying 

shrinkage, water absorption, density, ultrasonic pulse velocity and direct current 

electrical resistance at 3, 7, 28, 60 and 90 days. Several trial mixes were conducted 

to fix the mix proportion, w/c ratio, and the dosage SP. During the initial setting 

period, the fresh RP-SCC was compressed under 5 MPa pressure in order to 

eliminate the air pores. Heat treatment was applied at 90 °C for 9.5 hours under the 

effect of controlled temperature. The results indicated that it was possible to 

fabricate a concrete with compressive strength of 194 MPa, modulus of rupture of 

27.1 MPa, dynamic modulus of elasticity of 53.8 GPa, direct current (D.C) electrical 

resistance of 50970 ohm, length change less than 300×10-6 % and water absorption 

less than 0.15% at the age of 28 days. The properties of RP-SCC can be improved by 

the application of pressure on fresh concrete and the heat treatment. The percentages 

increase in 28 days compressive strength due to pressurization, heat treatment and 

combination of the pressurization and heat treatment were 12.4%, 15.7% and 25.3%, 

respectively. The corresponding increase in 28 days modulus of rupture due to these 

effects  were 9.4%, 5.8% and 14.1%, and the parallel percentages increase in 28 days 

dynamic modulus of elasticity due to theses effects  were 6%, 5% and 11.7% 

respectively. Results also indicated that the steel fibers significantly improved the 

modulus of rupture of RP-SCC but slightly increased the compressive strength and 

dynamic modulus of elasticity. The percentages increase in modulus of rupture, 

compressive strength and dynamic modulus of elasticity at the age of 28 days were 

123.6%, 11.2% and 5.9%, respectively. The reduction in electrical resistance was 

53.9%. At 90 days, it was possible to attain a compressive strength of 201.2 MPa, 
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modulus of rupture of 27.7 MPa and dynamic modulus of elasticity of 54.7 GPa. 

direct current electrical resistance more than 51000 ohm and length change less than 

450×10-6 %.  

        In 2008, Ibraheem (44) suggested compressive stress-strain relationships for 

RPC by studying the influence of different mixture ratios on stress-strain curves. 

Three types of mineral admixtures were used in this research: Metakaolin, 

Microsilica and Silica Fume with three proportions (10, 15, and 20%) by weight of 

cement and two types of fibers (steel fibers and polypropylene fibers) with ratios 

(0.75, 1 and 1.25%). Many types of superplasticizers were also used to achieve the 

required compatibility with other materials and to reach the optimum 

w/cementitious ratio with the required range of slump flow test. The experimental 

results indicated that RPC mixes with silica fume gave the highest values of 

compressive strength and density and lowest value of absorption in comparison 

with RPC using micro silica or metakaolin where metakaolin came the third in 

such comparisons, and the use of steel fibers with high ratios in an RPC mix 

increases the compressive strength and density of concrete and reduces its 

absorption. It was also found that the studied variables had no significant effect on 

the shape of the ascending part of the stress-strain curve, while the descending part 

of the curve was considerably affected by the type and volume of the fibers used. It 

was also concluded that RPC with steel fibers of highest ratios exhibited best 

results in terms of ductility and toughness. An idealized compressive stress block 

for RPC sections under pure bending moment was proposed and used to derive an 

equation for calculating the nominal ultimate bending moment capacity of singly 

reinforced rectangular RPC sections.  
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2.4 Flexural Behavior of RPC Beams: 

         In comparison with mechanical properties of RPC researches, there are very 

little number of researches that deals with the structural behavior of RPC beams 

especially in term of flexural behavior. The following items review most studies 

which deal with flexural behavior of RPC or UHPC beams. 

      Jithu raj and Jeenu (45) studied flexural behavior of UHPC composite beams. 

The test program included three beams with dimensions of 120mm×200mm× 

1500mm. A conventional concrete mix of characteristic compressive strength of 

25MPa was used for preparing the control specimen as well as for bottom layers of 

composite beams. In composite beams, the bottom layer was first formed using 

normal strength concrete and after an initial setting, the ultra high performance 

concrete layer was poured above it. The UHPC layer was 50mm for one of the 

composite beams and 100mm for the other. All the beams were cured by 

submerging in water for 28 days before the test. Based on the results obtained form 

this experimental study, it was concluded that composite beams exhibited higher 

load carrying capacity, the ultimate load carrying capacity of composite beams 

with 50mm UHPC layer and 100mm UHPC layer increased by 38% and 62% 

respectively. The deflections of the composite beams were marginally lower than 

that of control beam. Composite beams had higher energy absorption capacity. The 

failure of control beam and composite beams were characterized by the formation 

of flexural cracks in the tension zone. The average crack spacing of the composite 

beams were greater than that of the control beam. The length of the cracked zone 

of the composite beams was larger than that of the control beams.  

        In  2006,  Fujikake et al (46), developed an analytical model based on a fibers 

model technique for representing the behavior of a reinforced RPC beam subjected 

to rapid flexural loads. In the analytical model, the moment-curvature relationship 
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of the beam section was calculated first, which was then used to establish the load-

midspan deflection relationship taking the boundary conditions into consideration. 

As shown in Figure (2-1) half-length of the span without the pure bending moment 

region was divided into equal segments. The coordinate at each division point was 

taken as: 

𝒙𝒋 = 𝒋. ∆𝒙    𝒋 = 𝟎, 𝟏, …𝒎                   ……….(2-1) 

where ∆𝒙 = (𝑳 − 𝑳𝒄𝒎)/𝟐𝒎 , and 𝑳𝒄𝒎=length of a pure bending moment region. 

Assuming that the bending moment 𝑴𝒄𝒎  acted on the pure bending moment 

region, from the relationship between the load P/2 at 𝒙𝒎and the bending moment 

𝑴𝒄𝒎 , the total load P acting on the beam was calculated as: 

                                         𝑷 =
𝟒𝑴𝒄𝒎

𝑳−𝑳𝒄𝒎
                            ………….(2-2) 

The bending moment at any point 𝒙𝒋(j=0m) was given as: 

                            𝑴𝒋 =
𝒋.∆𝒙

(𝑳−𝑳𝒄𝒎)/𝟐
. 𝑴𝒄𝒎 = 𝒋.∆𝒙.

𝑷

𝟐
            ……..(2-3) 

Once the bending moment 𝑴𝒋 was calculated, the corresponding curvature ∅𝒋 was 

determined from the moment-curvature relationship. Hence, the midspan 

deflection was calculated as: 

𝜹 =  ∅𝒙𝒅𝒙 =   ∅𝒋𝒙𝒋 + ∅𝒋−𝟏𝒙𝒋−𝟏 
∆𝒙

𝟐
+ ∅𝒄𝒎 𝟐𝑳 − 𝑳𝒄𝒎 

𝑳𝒄𝒎

𝟖

𝒎
𝒋=𝟏

𝟏/𝟐

𝟎
  ……..(2-4) 
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Figure (2-1) Illustration for analytical procedure of Fujikake et al (50) 

        This analytical model was applied to the experimental results obtained by 

Ueda et al.  2005  (47). Ueda et al. performed rapid flexural loading test on RPC I-

beams of cross section shown in Figure (2-2). In this test, the RPC beams were 

simply supported over a span of 1200 mm.  
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Figure (2-2) Cross-section detail by Ueda et al. (2005) (46). 

        Two different amounts of longitudinal steel reinforcement with a yield 

strength of 295 MPa were provided. They were designated as FM13 and FM19, 

respectively. Three numbers of deformed bars with a diameter of 13 mm for FM13 

and 19mm for FM19 were used. The tensile reinforcement areas provided for the 

FM13 and FM19 were 380 mm2 and 859 mm2 respectively. Based on the results 

presented in this study, they concluded that: The proposed analytical model based 

on the fibers model technique is in good agreement with the experimental results. 

They also concluded that in the analytical load-midspan deflection relationships, 

the increase in loading rate resulted in an increase in maximum load and ultimate 

deflection .The strain rates induced over the cross-section of RPC beams were 

examined using the proposed analytical method. A change in strain rates occurred 

following the start of crack formation at the section. 
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        In 2006 Mingbo et al (48) studied flexural performance of 200MPa RPC with 

several usual contents of steel fibers based on the load-deflection curves. Prisms 

specimens with dimensions 100×100×400mm were tested under flexural loading. 

The working mechanics of the steel fibers in the bent beam was analyzed and 

compared with other conventional concrete.  The results indicated that RPC200 

had predominant flexural performance. Compared with conventional high-strength 

concrete and steel fibers reinforced concrete, it was found that RPC200 had higher 

strength and more toughness after cracking.  Recommendation was given to use 

this type of concrete in practical engineering where more safety is often needed. 

Approximate linear relationships were also suggested between the content of steel 

fibers and each of flexural strength and flexural elasticity modulus. It was also 

concluded that RPC200 with different content of steel fiber could be selected to fit 

different functions and safety degree in practice.      

        In 2010 Hannawayya (49) presented research to study the mechanical 

properties of RPC as a material as well as studying the flexural behavior of RPC 

rectangular section beams. The experimental program included investigating the 

effect of steel fibers volumetric ratio (V
f
) and silica fume content (SF) on some 

important mechanical properties of RPC such as compressive strength, uniaxial 

stress-strain relationship in compression, splitting tensile strength and modulus of 

rupture. Additional experimental tests were also conducted to study the effect of 

V
f
, SF and longitudinal steel bar ratio (ρ) on the flexural behavior (in terms of 

load-deflection response, moment-curvature response, failure load and cracking 

pattern) of simply supported singly reinforced RPC beam having dimensions of 

140×125×1400 mm under symmetrical two point load.  

        The flexural behavior of RPC beams was also theoretically predicted in this 

research throughout special computer programs by following two analytical 
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methods, a simple analytical method which considered horizontal equilibrium of 

forces on the beam section as well as compatibility of axial strains. The second 

analytical method was the finite element method in which a three-dimensional non-

linear finite element model was adopted by using 20-node quadratic brick elements 

to model the beam. According to these two analytical methods, the effects of the 

three mentioned important parameters (i.e. V 
f
, SF

 
and ρ) on the flexural behavior 

of RPC beams were theoretically obtained and compared with the corresponding 

experimental results. 

        It was found from the experimental tests that increasing V
f  

by 2% and SF
 

from 5% to 15% increased each of compressive strength by 38% and 16% 

respectively, splitting tensile strength by 162% and 14% respectively and modulus 

of rupture by 280% and 8% respectively. New relations were suggested to estimate 

each of splitting strength and modulus of rupture. A third order polynomial was 

found suitable to represent the ascending part of the compressive stress-strain 

relation while the descending branch was represented by a straight line. The 

cracking pattern in a RPC beam was found to be largely affected by value of V
f
, 

and that as Vf   increased the cracks increased in amount and decreased in width.  

        The results of analysis using the two analytical methods showed good 

agreement with the experimental results. Experimental and analytical results 

showed that failure load increased as each of V
f 

, SF
 
and ρ increased. For most 

tested beams, the experimental failure load was higher than the corresponding 

analytical one, except for beams having ρ<0.0819. All results showed that within 

the range of materials used V
f 

and SF
 
had negligible effect on mode of failure 

while ρ played a major role, where beams having ρ<0.0819 failed by steel yielding 

while beams with higher ρ failed by compression crushing. Depending on a new 
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rectangular stress block in compression and tension zones, new expressions were 

derived for the nominal moment capacity M
n 

and balanced steel ratio ρ
b
of singly 

reinforced rectangular RPC sections,  

        Parametric study using the finite element analysis showed that an increase in 

reinforcement ratio ρ up to 0.0324 led to an increase in the failure load and 

consequently increased maximum deflection and maximum curvature for all ratios 

of V 
f
, while higher values of ρ could lead to higher failure load and lower values 

of both maximum deflection and curvature. Also the study showed that the 

increase in V
f 
softens the load-deflection curve after cracking for beams with low ρ 

(less than 0.0819) and hardens the curve for higher ρ. 

        In  2010  Yang et al (50)  studied flexural behavior of ultra high performance 

concrete beams. The experimental parameters included the amount of rebars and 

the placing method for the UHPC. The experimental program included tests on a 

total of 14 beam specimens with rectangular cross sections. Two sets of seven 

beams each were prepared and tested; the details are shown in Table (2-2). The 

dimensions of specimens were as follows: a beam width of 180 mm, a beam height 

of 270 mm, a beam length of 2900 mm. The beams were designed to have a 

reinforcement ratio less than 0.02 in order to investigate the behavior at a low rebar 

ratio. The beam specimens included a basic specimen without rebar. The other 

specimens had varying rebar ratios that were obtained by adjusting the amount of 

rebar and the number of layers. The UHPC was placed using two methods. The 

UHPC of each beam specimen, except for specimen R13C, was placed in one end 

of the form and allowed to flow to the other end to complete the filling process. 
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Table (2-2) Parameters used in the experimental program of Yang et al(50) 

 

        The UHPC for specimen R13C was placed midspan and allowed to flow to 

both ends of the form. Specimens R13 and R13C were identical to each other 

except for the method of placing UHPC. The test results showed that the cracking 

and failure patterns revealed that many tightly spaced cracks formed perpendicular 

to flexural tensile forces in the beam. These results indicated the ability of UHPC 

to redistribute stresses and undergo multiple cracks before fibers pullout. The 

results also indicated that the flexural capacity was affected by the placing method 

of the UHPC even for identical cross sections and rebar ratios. Placing the UHPC 

at the end of the beam provided better structural performance than placing the 

UHPC at midspan. This result showed that the arrangement and orientation of the 

steel fibers were influenced by the UHPC placing method. The mean value of the 

ductility index reached a value of 2.01 for a rebar ratio of 0.006, a value of 1.79 for 

a rebar ratio of 0.009 and a value of 2.64 for a rebar ratio of 0.012. This verified 

that a ductility index larger than 1.6 was maintained in the UHPC beams. 

Accordingly, the steel fibers-reinforced UHPC of used in this study exhibited 

effective ductile behavior due to the yielding of the rebar until flexural failure for 

the UHPC beam with low rebar ratios. The ratios of deflection at the peak load to 
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deflection when the beams first cracked for UHPC beams without rebar ranged 

from 5.43 to 7.91. This result showed that the UHPC beams developed in the study 

exhibited a post-cracking ductile behavior and were able to control cracking. 

2.5 Comment:   

      From the previous researches in the field of RPC it can be noted that, although 

there is a large number of researches which have been conducted in studying 

mechanical properties and microstructural analysis of RPC in the last two decades, 

but there is still a need for more information about the behavior of RPC structural 

members including the field of flexural performance. This thesis presents 

experimental and theoretical study on flexural behavior of simply supported RPC 

T-beams under simple static load effect as well as studying some important 

mechanical properties of RPC. 
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CHAPTER SIX 

NONLINEAR FINITE ELEMENT 
MODEL AND MATERIALS 

PROPERTIES 
6.1 Introduction: 

        Finite element method is a numerical procedure that can be applied to 

obtain solutions to a variety of engineering problems; it has become a 

powerful and versatile tool for stress analysis.                          

      The finite element method combines several mathematical concepts to 

produce a system of linear and nonlinear equations. The number of 

equations is usually very large, anywhere from 20 to20,000 or more and 

requires the computational power of   the digital computer.  The method has 

little practical value if a computer is not available (73). Therefore, in this 

study ANSYS computer program were used to apply FEM and to modeling 

the behavior of tested beams. 

        This chapter presents concepts of finite element theory and modeling 

RPC T-beams subjected to static load of two points loading using ANSYS 

computer software Release 11.0  

 

6.2 The Finite Element Concept:  

       The finite element method is based on the representation of a body or a 

structure by an assemblage of subdivisions called finite elements. These 

elements are considered to be connected at nodes. Displacement functions 

are chosen to approximate the variation of displacements over each finite 

element. Polynomial functions are commonly employed to approximate 
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these displacements. Equilibrium equations for each element are obtained by 

means of the principle of minimum total potential energy. These equations 

are formulated for the entire body by combining the equations for the 

individual elements so that the continuity of displacements is preserved at 

the nodes. The resulting equations are solved by satisfying the boundary 

conditions to obtain the unknown displacement.                                         

       The entire procedure of the finite element method involves the 

following steps:                                                                                        

1. The given body is subdivided into an equivalent system of finite 

elements. 

2. A suitable displacement function is chosen. 

3. The element stiffness matrix is derived using a variational principle of 

mechanics such as the principle of minimum total potential energy.  

4. The global stiffness matrix for the entire body is formulated by 

assemblage.  

5. The algebraic equations thus obtained are solved to determine 

unknown displacements. 

6. Element strains and stresses are computed from the nodal 

displacements (74).  

 

6.3 Equilibrium Conditions: 

       The equilibrium equation for a nonlinear structure in a static equilibrium 

is derived using the principle of virtual work. The principle states that "if a 

general structure in equilibrium is subjected to a system of small virtual 

displacements within a compatible state of deformation, the virtual work due 
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to the external action is equal to the virtual strain energy due to the internal 

stress"; thus (75): 

                                             Wint = Wext                                          ---- (6-1) 

where 

Wint. = internal work (strain energy) 

Wext. = external work (work done by the applied force) 

 The virtual internal work is: 

                                      
v

T dVW ..int                         ---- (6-2)                     

where: 

  = elements of virtual strain vector  

{} = elements of real stress vector  

 dV = infinitesimal volume of the element 

By using the general stress-strain relationship, stresses  , can be 

determined from the corresponding strains {} as: 

                                    {} = [D] {}                               ---- (6-3)            

where       

 D  =constitutive matrix  

After substituting Equation (6-3) into (6-2), the virtual internal work can be 

written as: 

                                         
v

T dVDW .int                      ---- (6-4) 

The displacements {U} within the element are related by interpolation to 

nodal displacements {u} by: 

                                           {U} = [N]{u}                         ---- (6-5) 

where 

 N  = shape function matrix  
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{u}  =unknown nodal displacements vector (local displacements) 

{U}= body displacements vector (global displacements). 

By differentiating Equation (6-5), the strains for an element can be related to 

its nodal displacements by: 

                                            }{uB                                 ---- (6-6)   

where 

 B = strain-nodal displacement relation matrix, based on the element shape 

functions 

Assuming that all effects are in the global Cartesian system, and then 

combining Equation (6-6) with Equation (6-4) yield: 

                                 
v

TT udVBDBuW ...int                  ---- (6-7)                          

The external work, which is caused by the nodal forces applied to the 

element, can be accounted for by: 

                                              Wext. =  Tu {F}                  ---- (6-8)                                                      

where 

{F}= nodal forces applied to the element 

Finally, Equations (6.1), (6.7) and (6.8) may be combined to give: 

                                       
v

TTT FuudVBDBu             ---- (6-9)                 

Noting that  Tu  vector is a set of arbitrary virtual displacements, the 

condition required to satisfy Equation (6-9) can be reduced to: 

                                  {F}= [Ke]  {u}                                  ---- (6-10)  

where 

                                    
v

Te dVBDBK                            ---- (6-11) 

[ eK ] = Element stiffness matrix 
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 dV = dx . dy . dz 

Equation (6-10) represents the equilibrium equation on a one-element basis. 

For all elements, the overall stiffness matrix of the structure  K  is built up 

by adding the element stiffness matrices (adding one element at a time), after 

transforming from the local to the (overall) global coordinates, this equation 

can be written as: 

                                     uKF a                                         ---- (6-12) 

where 

   
n

eKK ][ = overall structural stiffness matrix 

   FF a  = vector of applied loads (total external force vector) 

  n = total number of elements 

 

6.4 Nonlinear Behavior:  

       Nonlinear structural behavior arises from a number of cases, which can 

be grouped into these principal categories (76): 

1. Geometric Nonlinearities: These arise when a structure experiences 

large deformations in geometric configuration enough to change the way by 

which the load is applied, such as in the behavior of slender columns or long 

slender beams. 

2. Material Nonlinearities: These arise when the properties of the material 

suffer from nonlinearity changes during the load history.       

       In the analysis of RC beams, sudden changes in the element stiffness 

due to cracking, crushing of concrete, yielding of steel reinforcement and the 

plastic deformation of concrete and reinforcement represent the main 

sources of the nonlinearity.     
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6.5 Modeling of Material Properties: 

        Representation of any structure using finite element method requires 

modeling behavior and properties of its components. The tested beams 

(normal, hybrid and RPC T-beams), are systems consisting of different 

materials (normal concrete, RPC and reinforcement steel).  However, to 

represent these systems in finite elements, firstly the behavior of its 

components should be modeled. The following articles include definitions of 

mechanical properties and the behavior under loads of each one of these 

materials and modeling them in FEM. 

 

6.5.1Normal Concrete: 
6.5.1.1 Uniaxial Compressive Stress-Strain Relationship for 
Normal Concrete:  
             In this study numerical expressions of Desayi and Krishnan (1964) 

(6-2) and (6-3) (77) are used along with Equation (6-4) (Gere and Timoshenko 

1997) (78) to construct the uniaxial compressive stress-strain curve of normal 

concrete to used in finite element analysis: 

                       

                    
2

1 


















c
c

E
f                       ---- (6-13) 

                          
c

c

E

f 


2
                           ---- (6-14)   

 

                            


c
c

f
E                         ---- (6-15)   

where:  

fc = stress at any strain ε  
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ε = strain at stress fc 

f'c = ultimate compressive strength 

ε0 = strain at the ultimate compressive strength f'c  

        Figure (6-1) shows the simplified uniaxial compressive stress-strain 

relationship that is used in this study.  

 

Figure (6-1) Simplified compressive uniaxial stress-strain curve for 
normal concrete 

         

        The simplified stress-strain curve for normal concrete used in this study 

is constructed from six points connected by straight lines. The curve starts at 

zero stress and strain. Point No. 1, at 0.30 f'c, is calculated for the stress-

strain relationship of the concrete in the linear range Equation (6-15). Point 

Nos. 2, 3, and 4 are obtained from Equation (6-13) in which ε0 is calculated 

from Equation (6-14). Point No. 5 is at ε0 and f’c. In this study, an 

assumption is made of perfectly plastic behavior after Point No. 5. 

 

 



Chapter Six                                                   Nonlinear Finite Element Model  

 

147 
 

6.5.2 Reactive Powder Concrete: 

        Behavior of RPC under loads is different form behavior of normal 

concrete and high compressive strength concrete because of its ductility and 

its high strength against compressive load as well as tensile load.  Although 

there are a lot of researches in mechanical properties of RPC but there are 

very few researches present models to describe behavior of RPC under 

uniaxial, biaxial, triaxial compressive loads and tensile load. The following 

articles describe the behavior of RPC under different loads conditions. 

 

6.5.2.1 Behavior of RPC in Uniaxial Compression: 

        The typical compressive strength of UHPC is in the range 80 to 

220MPa. Until 70 to 80% of compressive strength, UHPC without fibers 

shows a Linear elastic behavior and no descending branch in stress-strain 

diagram does exit as shown in Figure (6-2) (79) . 

 

Figure (6-2) Stress-strain diagram of UHPC without fibers (79) 

 

       While for UHPC with steel fibers, a pronounced descending branch can 

be developed by the effect of the fibers as shown in Figure (6-3) and the 
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slope of the descending branch depends on: fiber content, fiber geometry, 

fiber stiffness and fiber orientation. Addition of steel fibers to RPC improves 

mechanical properties such as post-peak, energy absorption capacity and to 

some extent , the compressive strength and enhances the curve especially at 

the descending part .In this study the stress-strain curves obtained from 

experimental tests were used in ANSYS program. 

  

 

Figure (6-3) Typical stress-strain diagram of UHPC with steel fibers(79) 

         

Poisson's ratio of UHPC is higher than that of conventional concrete in 

moderate relative compression stress but it become lower than that of 

conventional concrete in high relative compression stress as shown in Figure 

(6-4) (80).  
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Figure (6-4) Poisson's ratio vs relative compressive stress (80) 

 

6.5.2.2 Behavior of RPC in Tension: 

        Depending on the amount, type and orientation of fibers, the tensile 

strength of UHPC can be increased beyond the matrix strength. UHPC with 

steel fiber exhibits ductile behavior under tensile loads, the typical behavior 

of UHPC with steel fiber under uniaxial tensile stresses shown in Figure (6-5 

). It be should noted, that the slop of descending branch can be very different 

depending on the fiber orientation and the content and type of fibers (79). 

        Jungwirth and Muttoni (81), indicated that tensile stress- strain 

behavior of UHPC consists of three phase as shown in Figure (6-6) ; (phase 

1) represents the elastic phase, (phase 2) represent multiple micro-cracking 

in which fibers are activated when the micro-cracks open, and ( phase 3) in 

which the fibers are progressively pull out when the ultimate bond stress of 

the fibers crossing the crack is reached in one or more crack. 
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Figure (6-5) Typical stress-crack-opening curve for UHPC (79) 

 

 

Figure (6-6) UHPC under tensile test a)Stress-strain diagram b) Schema 
of the multi-cracking phase and crack localization (81) 

 

        According to Yuguang  et al (82), Tensile stress-strain curve can be 

simplified by replacing the  strain hardening part of the load-crack opening 

displacement curve by a yield plateau which means that the tensile stress in 



Chapter Six                                                   Nonlinear Finite Element Model  

 

151 
 

UHPC jumps directly from its cracking strength (ft) to a constant value (αft) 

as shown in Figure (6-7) . At a certain position, a linear strain softening part 

is included after the yield plateau. The value α varies according to the fiber 

volume percentage and fiber property in the concrete matrix and other 

factors. In Figure (6-7), ε1 is the cracking strain of UHPC, ε2 is the end of the 

yield plateau, and ε3 is the ultimate tensile strain, where no more stress can 

be transmitted across the cracks. 

 

Figure (6-7) UHPC under tensile test (a) Load-crack opening 
displacement (b) Simplified schematic diagram(82) 

 

6.5.2.3 Biaxial Behavior of RPC:  

        As conventional concrete, RPC exhibits maximum strength under 

biaxial compressive loads exceeds the uniaxial strength and the biaxial 

strength increase as steel fiber volumetric ratio increases as shown in Figure 

(6-8). It is clear that at state of equal principal stresses the ratio to f'c equal to 

0.99 for concrete without steel fibers and the ratio reach 1.07 at 2.5% steel 
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fiber volume ratio, these ratios may go higher for inequality case of principal 

stresses (83). 

        Under biaxial tension-compression loading the strength of UHPC suffer 

reduction in compressive strength, exhibiting similar behavior to that of 

conventional concrete,  the maximum reduction of the compressive strength 

of the non-fiberd concrete is higher for UHPC, because of the lower ductility 

and the smaller resisting compressive struts, as shown in Figure(6-9) (84) .  

 

 

Figure (6-8) Effect of steel fiber ratio on biaxial compression of UHPC 
(a) Strength envelop (b) Stress-Strain relation(83) 
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Figure (6-9) Proposal for the reduction of the compressive strength of 
reinforced UHPC against the applied tensile (84) 

 

6.5.2.4 Failure Surface in Triaxial Loading: 

       Under triaxial loading, experiments indicate that concrete has a fairly 

constituent failure surface which is a function of the three principal stresses. 

If isotropy is assumed, the elastic limit (onset of stable crack propagation), 

the onset of unstable crack propagation, and the failure limit all can be 

represented as surfaces in three-dimensional principal-stress space. Figure 

(6-10) shows schematically the elastic limit surface and failure surface. For 

increasing hydrostatic compressions (along the σ1=σ2= σ3 axis), the 

deviatoric sections (planes perpendicular to the axis σ1=σ2= σ3 ) of the failure 

surface are more or less circular, which indicates that the failure in this 

region is independent of the third stress invariant. For smaller hydrostatic 

pressures, these deviatoric cross sections are convex and noncircular (85). 
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Figure (6-10) Schematic failure surface of concrete in 3-D stress space(85) 
 

6.6 Idealization of Concrete in Finite Element (ANSYS): 

6.6.1 SOLID65:  

       In this study three dimensional brick element (SOLID65) is used to 

model the normal concrete and RPC in ANSYS with various tension 

stiffening parameters according to steel fiber volumetric ratio as will 

indicate in chapter seven. This element is capable of cracking (in three 

orthogonal directions), crushing, plastic deformation and creep. The element 

is defined by eight nodes and by the isotropic material properties. The 

geometry, node locations, and the coordinate system for this element are 

shown in Figure (6-11) (86).   
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                        Figure (6-11) Element SOLID65 geometry (86) 

           In ANSYS, outputs, i.e., stresses and strains, are calculated at 

integration points of the concrete solid elements. Figure (6-12-a) shows 

integration points in a concrete solid element. A cracking sign represented 

by a circle appears when a principal tensile stress exceeds the ultimate 

tensile strength of the concrete. The cracking sign appears perpendicular to 

the direction of the principal stress, as illustrated in Figure (6-12-b). 

 

Figure (6-12) (a) Integration points in concrete element (b) Cracking 
sign(86).  
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6.6.2 Modeling of Concrete Crack in Finite Elements: 

       In general, two main approaches have been used to represent the 

cracking of concrete in finite element method. These are the discrete and the 

smeared crack representation. The selection of discrete or smeared crack 

representation depends primarily on the purpose of the finite element 

analysis. Both these models use a strength concept for crack initiation and 

propagation by defining tensile cracking in terms of maximum stress or 

strain (87, 88).  ANSYS program uses smeared crack approach in modeling the 

cracks. In this approach, the cracked concrete is assumed to remain a 

continuum during cracking, rather than representing a single discrete crack, 

the present approach has the effect of representing an infinite number of 

parallel fissures across the cracked element. This approach is modeled by 

modifying the material properties at the integration points of regular finite 

elements. 

 

 6.6.3 Shear Retention Coefficients (Shear Transfer across The 

Cracks): 

       After cracking has taken place, cracked reinforced concrete can still 

transfer shear forces through aggregate interlock or shear fraction and dowel 

action. To take the shear stiffness of cracked reinforced concrete into 

account in the smeared crack model, a reduced shear modulus βGc is used, 

where β is a coefficient   (0 < β ≤ 1) and Gc is shear modulus of concrete. 

Using a reduced shear modulus not only improves the realism of cracking 

representation during finite element analysis, but also removes most of the 

numerical difficulties caused by the singularity of the composite material's 

constitutive matrix (89).  
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       In ANSYS program, two coefficients of shear strength reduction are 

used, (βo) is introduced for the case of opened crack and (βc) is introduced 

for the case of closed crack. The values of (βo) and (βc) are always in the 

range of (1> βc> βo>0) (86). 

 

6.6.4 Tension Stiffening:  

       When the crack has taken place in a reinforced concrete element, the 

concrete between cracks can still carry some tensile stress in the direction 

normal to the crack due to the bond between the bar and the concrete. This 

phenomenon is termed tension stiffening.  

       One of the methods which is used to represent tension stiffening 

phenomenon which is adopted by ANSYS is by assuming that the loss of 

tensile strength in concrete appears gradually. This form has been 

represented by various types of descending branches of the post-cracking 

stress-strain curves (89). 

 

6.6.5 Modeling of Concrete Crushing: 

       If the material at an integration point fails in uniaxial, biaxial or triaxial 

compression, the material is assumed to crush at that point. In SOLID65, 

crushing is defined as the complete deterioration of the structural integrity of 

the materials. Under conditions where crushing has occurred, material 

strength is assumed to have degraded to an extent such that the contribution 

to the stiffness of an element at the integration point can be ignored (86). 
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6.6.6 Failure Criteria of Concrete:  

       The strength of concrete under multiaxial stresses is a function of the 

state of stress and cannot be predicted by limitations of simple tensile, 

compressive and shearing stresses independently of each other. Therefore, 

strength of concrete elements can be properly determined only by 

considering the interaction of the various components of the state of stress. 

Many failure criteria for concrete have been proposed in the past. ANSYS 

program adopts Willam and Warnke (90) failure criterion for concrete.   

       Willam and Warnke (1975) developed a mathematical model capable 

of predicting failure for concrete materials under multiaxial stress state. Both 

cracking and crushing failure modes are accounted for. This model is 

represented by the following equation: 

 

0


S
f

F

c

    ---- (6-16) 

where  

F= function of principal stress state ( zpypxp  ,, ). 

S= failure surface expressed in terms of principal stresses and five input 

parameters (
1

,,, fcbfcftf
  and 2f ). 

zpypxp  ,, =principal stresses in principal directions.  

If Equation (6-16) is satisfied, the material cracks or crushes. 

       A total of five input strength parameters are needed to define the failure 

surface as well as an ambient hydrostatic stress state ( a
h ). These are: 

 tf = ultimate uniaxial tensile strength. 


cf = ultimate uniaxial compressive strength. 
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cbf =ultimate biaxial compressive strength. 

1f = ultimate compressive strength for a state of biaxial compression, 

superimposed on hydrostatic stress state ( a
h ). 

 2f = ultimate compressive strength for a state of uniaxial compression,  

superimposed on hydrostatic stress state ( a
h ). 

a
h =ambient hydrostatic stress state.  

       The failure surface can be specified with a minimum of two constants tf

and 
cf . The other three constants can be determined from Willam and 

Warnke:  

cbf = 1.2 
cf    ---- (6-17) 

1f  =1.45 
cf    ---- (6-18) 

2f  =1.725 
cf  ---- (6-19) 

       However, these values are valid only for stress states where the 

condition stated below is satisfied: 

      
 ch f3 ---- (6-20) 

where  

h = hydrostatic stress state which is equal to : 

                                h  = )(
3

1
zpypxp   ---- (6-21) 

       Both the function F and the failure surface S are expressed in terms of 

principal stresses denoted as 21, and 3  where: 

1 = max ( zpypxp  ,, ) 

3 =min ( zpypxp  ,, ) 

and 321    
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The failure of concrete is categorized into four domains: 

1) 3210   (Compression – compression– compression) 

2) 321 0    (Tensile – compression –compression) 

3) 321 0    (Tensile– tensile– compression) 

4) 0321   (tensile–tensile–tensile) 

       Concrete will crack if any principal stress is tensile, while crushing will 

occur if all principal stresses are compressive. 

      A three-dimensional failure surface for concrete is shown in Figure (6-

13). The most significant nonzero principal stresses are in the x and y 

directions, represented by σxp and σyp, respectively. Three failure surfaces are 

shown as projections on the σxp-σyp plane. The mode of failure is a function 

of the sign of σzp (principal stress in the z-direction). For example, if σxp and 

σyp are both negative (compressive) and σzp is positive (tensile), cracking 

would be predicted in a direction perpendicular to σzp. However, if σzp is zero 

or slightly negative, the material is assumed to crush (85). 

 

Figure (6-13) 3D-Failure surface of concrete (86). 
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       In a concrete element, cracking occurs when the principal tensile stress 

in any direction lies outside the failure surface. After cracking, the elastic 

modulus of the concrete element is set to zero in the direction parallel to the 

principle tensile stress direction. Crushing occurs when all principal stresses 

are compressive and are outside the failure surface; subsequently, the elastic 

modulus is set to zero in all directions, and the element effectively 

disappears(86). 

 

6.7 Idealization of Steel in Finite Elements: 

6.7.1 Idealization of Steel Reinforcing Bars: 

        In this study, the steel reinforcing bars are represented by using 2-node 

discrete representation (LINK8 in ANSYS) and included within the 

properties of 8-node brick elements (SOLID65 element). This element can 

be used to model trusses, sagging cables, links, springs, ect. The three 

dimensional spar element is a uniaxial tension- compression element with 

three degrees of freedom at each node: translations in the nodal x, y and z-

direction. The geometry, node locations, and the coordinate system for this 

element are shown in Figure (6-14) (86). 

 

                    

                     

 
                           Figure (6-14) LINK8 Geometry (86)   
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6.7.2  Idealization of Steel Plates: 

        To prevent stress concentration problems and to provide stress 

distribution over the loading areas, steel plates are added at loading locations 

in the finite element models (as in the actual beams). Solid element 

(SOLID45) is used to present the steel plates. The steel plates are assumed 

to be linear elastic materials. The geometry, node locations, and coordinate 

system for (SOLID45) elements are shown in the Figure (6-15) (86).      

 

 
                          Figure (6-15) SOLID45 Geometry (86)          
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NNOOTTAATTIIOONN  

The major symbols used in the text are listed below; these and others are defined 

according to alphabetical order. 

 

General Symbols: 

A, a Scalars 

[A], {a} Matrix [A], and vector {a} 

[A]T, {a}T Transpose of matrix [A], and vector {a} 

[A]-1 Inverse of matrix [A] 

 

Scalars: 

A, B, C: factors of third order polynomial suggested stress-strain relationship 

Ac :  Area corresponding to compression stress block (mm2) 

A
s
: Area of longitudinal steel bars, mm

2 
 

bf: Width of tee beam flange cross section, mm 

bw: Width of tee beam web cross section, mm 

CF: Compressive force in concrete, N 

c: Depth of neutral axis measured from top compression fiber, mm 

d: Depth of longitudinal steel bar measured from top compression fiber, mm  

D : Average diameter of the spread concrete (mm) measured in four directions 

d
b
: Steel bar diameter, mm  

dc : Diameter of cylinder (mm) 

d
f
: Diameter of fiber, mm  

dV :Infinitesimal volume of the element 

dx ,dy ,  dz: infinitesimal length of the element  in x,y,x axis respectively 
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E
c
: Concrete modulus of elasticity, MPa  

E
s
: Steel bar modulus of elasticity, MPa  

ET Tangent modulus of elasticity of steel (MPa) 

f
c
: Compressive stress of concrete, MPa  

f 'c: Compressive strength of cylindrical concrete specimen, MPa  

f
cu

: Cube compressive strength, MPa  

f
r
: Modulus of rupture of concrete, MPa  

f
s
: Tensile stress in steel bar, MPa  

f
ct
: Splitting tensile strength of concrete, MPa  

f𝑡c = Tensile stress in concrete  

f
y
: Yield stress of steel bar, MPa 

f1 : Ultimate compressive strength for a state of biaxial compression 

f2 : Ultimate compressive strength for a state of uniaxial compression 

fcb :Ultimate biaxial compressive strength                                   

h: Height of beam cross section, mm 

hf: Height of tee beam web cross section, mm 

hw: Height of tee beam web cross section, mm 

I: total moment of inertia about neutral axis of the beam cross section, mm
4  

Lf:  Fiber length (mm) 

M
n:  Nominal  moment capacity predicted from proposed equation, kN.m 

M
Total 

: Total  moment capacity predicted from proposed equation, kN.m  

M
CF

: Internal sectional moment induced by concrete compressive force CF, N.mm  

M
Tc

: Internal sectional moment induced by concrete tensile force T
c
, N.mm  

M
Ts

: Internal sectional moment induced by steel bars tensile force T
s
, N.mm  
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P:     Applied load, kN  

P
app

: Maximum applied load predicted from moment capacity proposed equation, 

kN  

P
cr

:  First crack load, kN  

P
FEA

: Maximum applied load by finite element analysis, kN  

P
u
: Ultimate load of testing beam, kN.m  

P
uexp

: Ultimate applied load on the tested beam experimentally, kN  

S
f
: Silica fume content by cement weight  

T: Total internal tensile force, N 

T
c
: Tensile force in concrete composite, N  

T
s
: Tensile force in longitudinal steel bars, N  

u, v, w: Displacement components, mm 

V
f
: Volumetric steel fiber ratio  

w: Vertical displacement of the beam, mm  

W: Work, N.mm  

W
ext

: Work of external forces, N.mm  

W
int

: Work of internal forces, N.mm  

x :Distance of infinitesimal slide from N.A 

x
cr
: Distance below neutral axis where cracking strain take place, mm 

α, β, γ: Constants  

α1,α2: Tension stiffening parameters 

γ1 : equivalent compressive stress distribution parameter  

βo:  Shear transfer coefficient for open cracks 

βc:  Shear transfer coefficient for closed cracks  
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β1: Equivalent compressive stress distribution parameter  

Δu : Ultimate deflection 

ε
c
: Concrete compressive strain  

ε
cr

: Cracking tensile strain in concrete  

ε
cu

: Ultimate compressive strain of concrete  

ε
o
: Concrete compressive strain corresponding to f’

c 

ε
s
: Tensile strain of steel bar  

ε
tc
: Tensile strain in concrete 

ε
y
: Yield strain of steel bar  

λ
: 
Post cracking tensile strength factor  

ν: Poison’s ratio  

ξ,ε,δ: Local coordinates (finite element)  

ρ: Longitudinal steel bar ratio  

ρ
b
: Balanced longitudinal steel ratio  

σ: Stress, MPa  

τ: Shear stress, MPa  

ф: Steel bar diameter, mm 

Matrices:  

 [B] Strain-nodal displacement relation matrix 

[D] Constitutive matrix 

[N] Shape function matrix 

[Ke] Element stiffness matrix 

[K] Overall structural stiffness matrix 

][ T
iK = Tangent stiffness matrix 

[J]: Jacobian matrix of coordinate transformation  
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Vectors:  

{ σ } Stress vector 

{ε } Strain vector 

{U}  Body displacements vector (global displacements). 

{u}  Unknown nodal displacements vector (local displacements) 

{ ∆}, {a} Nodal displacement vector 

   Elements of virtual strain vector  

   FF a   Nodal forces (external or internal load) vector 

}{ nr
iF  Vector of restoring loads corresponding to the element internal loads. 

{r}       Out of the balance force vector 

{p}      Vector of the nodal forces equivalent to the internal stress level 

{R}     Residual load vector 

 

Subscripts and Superscripts: 

c : Concrete 

cr : Cracking 

f : Fiber 

G :Denoting global coordinate system 

m :Matrix 

l :Length 

s :Steel 

T :Tension 

u :Ultimate 

w :Web 

y :Yielding 

x, y, z :Denoting Cartesian coordinates 
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1, 2, 3 :Denoting principal directions 

n : Total number of elements 

v :volume 

 

Abbreviations: 

ACI          American Concrete Institute 

ASTM      American Society for Testing and Materials 

ASCE       American Society of Civil Engineering 

ANSYS    Analysis System Program (Package) 

AP            Acrylic Polymer (Superplasticizer) 

BS           British Standards 

CAL.        Calculated 

EXP.         Experimental 

FA            Fly Ash (Pozzolanic Material) 

FRC          Fiber Reinforced Concrete 

F.E.M       Finite Element Method 

F.E.A       Finite Element Analysis 

HSC         High Strength Concrete 

MTS         Material Testing System 

MTI          Modified Toughness Index 

NSC          Normal Strength Concrete 

No.            Number (issue) 

MPa           Mega Pascal (MN/m2) 

pp.              Pages 

Ref.           Reference 

SCC          Self Compacting Concrete 



Notation 

 

XXXIII 
 

SMF                 Melamine (Superplasticizer) 

SNE                  Naphthalene (Superplasticizer) 

SP                     Superplasticizer 

XRD X-Ray      Diffraction Analysis for Concrete 
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CHAPTER SEVEN 
 

NUMERICAL APPLICATION 
 

 

7-1 Introduction: 

        In order to provide more understanding for behavior of RPC T-beams, 

finite element was used to modeling the tested beams and comparison was 

achieved to check the validity and accuracy of finite element models. 

Nonlinear analysis on tested beams is performed by using ANSYS software 

program Release 11.0, and then a comparison between the numerical and 

experimental results are presented in this chapter. The accuracy of the finite 

element models was determined by ensuring that failure modes are correct, 

the ultimate load is reasonably predicted in comparison with the 

experimental results, and the load-deflection curves are close to the 

experimental curves. It is important to mention that this numerical study is 

approximate in nature due to many factors, which are mainly: 

1. Approximation in the material modeling of concrete and steel. 

2. Approximation inherent in the finite element technique. 

3.  Approximation in the integration function used in this numerical analysis.                                                                                                                           

4.  Approximation introduced due to the type of procedure used to solve the 

nonlinear system of equations. 
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7-2 ANSYS Finite Element Model: 

        All tested beams have the same dimensions as shown  in Figure (3-1) of 

chapter three except beams (B13, B14 and B15) which have rectangular 

section of 100mm width , 260mm flange width and 300mm flange width 

respectively. By taking advantages of symmetry, only one half of the beam 

in longitudinal direction has been used in the finite element model. Firstly, 

beam, loading plates, and supports plates were modeled as volumes for all 

beams as shown in Figures (7-1) to (7-4). 

 

 

Figure (7-1) Volume created in ANSYS for beams (B1 to B12) 
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Figure (7-2) Volume created in ANSYS for beam (B13) 

 

 

Figure (7-3) Volume created in ANSYS for beam (B14) 
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Figure (7-4) Volume created in ANSYS for beam (B15) 

7.2.1 Meshing:  

        In finite element method, the structural member is divided into a 

number of elements by meshing the volumes, therefore, volumes of beam 

and plates were meshed to elements using SOLID65 element for concrete 

and SOLID45 element for steel plate.  The reason of using steel plate on 

loading and support location is that due to the load concentration on concrete 

elements, crushing of the concrete started to develop in the elements located 

directly under the loads. Subsequently, adjacent concrete elements crushed 

within several load stages. As a result, the model showed a large 

displacement, solution diverging and finally, the finite element model fails 

prematurely. Therefore, to prevent this phenomenon, steel plates were used 

under load and near beam supports. Table (7-1) lists the properties of plates 

used in this study. 

        To obtain good results, the mesh is set up as square or rectangular 

element and the number of element must be chosen wisely, if the meshes are 
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divided too meticulously, it will cause the instability of numerical 

calculation, and if the meshes are divided too coarsely, it will influence 

precision. Only the right meshes can get the convergence. Figure (7-5) 

shows mesh of beam with RPC or normal concrete, while Figures (7-6) to 

(7-8) show meshes of hybrid beams. 

        On the other hand, LINK8 element was used to represent flexural and 

shear reinforcement, since the ordinary steel reinforcement is modeled as 

discrete model, no mesh of the reinforcement is needed because individual 

elements are created in the modeling through the nodes created by the mesh 

of the concrete volume. By advantage of discrete model, the longitudinal 

reinforcement in tension, stirrups and reinforcement of flange are kept in 

their actual position. Only half of the stirrups are modeled because of the 

symmetry of beam. Figure (7-9) shows a sample of steel reinforcement in 

one of cases of the selected beams. 

 

Figure (7-5) Mesh of normal and RPC, steel plate, and steel support 
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Figure (7-6) Mesh of hybrid beam (B10)(RPC in flange and normal 
concrete in web) 

 

 

Figure (7-7) Mesh of hybrid beam (B11) (RPC in flange and upper half 
of web and normal concrete in web) 
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Figure (7-8) Mesh of hybrid beam (B12) (normal concrete in flange and 
RPC in web) 

 

 

 

 

Figure (7-9) Steel Reinforcement Idealization in ANSYS 
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Table (7-1) Steel Plate Properties 

Thickness of steel plates 15mm 
Modulus of elasticity (Es) 200 GPa 

Poisson’s ratio 0.3 
Material behavior  Linear elastic 

 

7.2.2 Loads and Boundary Conditions: 

        Displacement boundary conditions are needed to constrain the model to 

get a unique solution. The boundary conditions need to be applied at points 

of symmetry and where the supports and loadings exist. 

       Since one half of beams is taken in this model, one plane of symmetry is 

created. To model the symmetry, nodes on this plane must be constrained in 

the perpendicular direction on it (Uz=0), as shown in Figure (7-10). The 

supports are modeled in such a way a hinge and roller, that the beams in the 

present study simply support beam. To model the roller, a single line of 

nodes on the plate support are constraint in the vertical direction (Uy = 0), 

and constrains in the vertical and longitudinal direction give as hinge support 

(Uy, Ux = 0) as shown in Figure (7-11). The Load was applied at the entire 

centerline of the steel plate as equivalent nodal forces. The external load was 

applied on a steel plate across the entire centerline of the plate; thus, the 

external applied load was represented by the equivalent nodal forces on the 

top nodes of the same place of plate. 

        The application of the loads up to failure was done incrementally as 

required by the Newton-Raphson procedure. Therefore, total applied load 

was divided into a series of load increments (load steps). Within each load 

step, maximum of (100) iterations were permitted. 

        At certain stages in the analysis, load step size was varied from large (at 
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points of linearity in the response) to small (when cracking and steel 

yielding occurred). In all cases, convergence was achieved before reaching 

the maximum iteration. 

        Failure for each of the models is defined when the solution for a 

minimum load increment still does not converge (convergence fails). The 

program then gives a message specifying that the models have a 

significantly large deflection (rigid body motion). 

 

  

Figure (7-10) Boundary condition for support in the Z-direction and 
plane of symmetry in Y-direction (front view) 
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Figure (7-11) Boundary condition for support in X-direction (side view)  

 

7.3 Material Properties: 

        Parameters and real constant needed to define the material properties in 

finite element analysis for each steel bar and each type of concrete mix used 

in this study are listed in table (7-2) and (7-3) respectively. 

Table (7-2) Steel property parameters 

Steel 
Parameter 

Value 

Dia. of bar Φ5 Φ8 ϕ10 ϕ12 ϕ16 
Ab (mm2) 19.63 50.26 78.54 113.1 201.06 
fy(MPa)* 376 419 428 458 520 

Es (GPa)* 198.94 197.46 199.07 199.04 199.62 

 ()** 0.3 0.3 0.3 0.3 0.3 

* From experimental tests 
** Assumed 
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Table (7-3) Concrete parameters used in finite element analysis of each 
mix used in tested beams 

               Concrete  
                     Mix 
Concrete 
parameter 

 
MNormal 

Mix 

 
M2,25 
Mix 

 
M2,20 
Mix 

 
M2,15 
Mix 

 
M1,25 
Mix 

 
M0,25 
Mix 

Compressive 
strength (f'c)* 

(N/mm2) 

27.04 124.95 120.45 114.33 113.53 92.52 

Modulus of  
rupture(fr) * 

(N/mm2) 
3.5 19.0 18.1 17.4 14.7 6.3 

Poisson’s ratio** 
 () 

0.2 0.22 0.22 0.22 0.21 0.2 

Young’s Modulus 

(Ec)* (N/mm2) 
24422 45024 44751 44529 42469 37481 

Shear transfer 
parameters** 

ο 

c 

 

 

0.2 

0.25 

 

 

0.2 

0.25 

 

 

0.2 

0.25 

 

 

0.2 

0.25 

 

 

0.2 

0.25 

 

 

0.2 

0.25 

Tension 

stiffening** α 
0.6 0.9 0.9 0.9 0.8 0.6 

* From experimental tests 
** Assumed 

7.4 Analysis Results: 

 7.4.1 Load-Deflection Plots:       

        Deflections (vertical displacements) were measured at midspan at the 

center of the bottom face of the beams, in y-direction (Uy). Deflected shape 

of finite element beam due to the vertical load is shown in Figure (7-12).  

        The load-deflection curve for each beam obtained from the finite 

element analysis together with the experimental curves are presented and 
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compared in Figures from (7-13) to (7-27) . These figures show that, the first 

portions of curves (until first crack load) for finite element analysis and 

experimental results are identical. Beyond the first crack, the F.E.A shows 

less deflection than that of experimental results resulting in slight divergence 

between the two curves, this can be attributed to the technique of the finite 

element method in representation of cracks and the behavior of concrete 

after cracking which does not yields exactly a realistic representation 

especially for post cracking behavior of RPC. In general, all these figures 

show a good agreement between the experimental and F.E.A curves. Figures 

from (7-28) to (7-42) show deflection variations at ultimate load for all 

beams using ANSYS program.     

 

 

Figure (7-12) Deflected shape of control beam 

7.4.2 Ultimate Loads:       

        Table (7-4) shows comparison between ultimate loads of the 

experimental beams and ultimate loads from the finite element method. The 

final loads for the finite element models are the last applied load steps before 

the solution starts to diverge due to numerous cracks and large deflections. 
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The comparison reveals that the computed ultimate load from finite element 

analysis is slightly less than the actual experimental ultimate load of RPC tee 

beams.  

Table (7-4) Experimental and analytical results of ultimate load and 
deflection for tested beams  

Beam 
Ultimate load [kN] 

EXP. F.E.M 
F.E.M 
EXP. 

B1 70 69.5 0.993 

B2 129 120 0.930 

B3 122 117 0.959 

B4 118 112 0.949  

B5 110 107 0.973 

B6 82 74.6 0.909  

B7 77.5 73 0.942 

B8 182 175 0.961  

B9 242 230 0.950  

B10 94 88 0.936  

B11 102 94 0.921   

B12 112 105 0.937  

B13 84 78 0.928  

B14 142.5 129.6 0.909  

B15 158 145.6 0.921  

7.4.3 Crack Patterns:       

        ANSYS program records the crack pattern at each applied load step. It 

displays circles at location of cracking or crushing in concrete elements. 

Cracking is shown with a circle outline in the plane of the crack, and 

crushing is shown with octahedron outline.  According to ANSYS program, 
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the first crack which represents slight crack is symbolized by a red circle 

outline at an integration point, the second crack which represents moderate 

crack is symbolized by a green circle outline, and the third crack which 

represents failure crack is symbolized by a blue circle outline.  

        The appearance of the cracks reflects the failure mode for the beams. 

The finite element model accurately predicts that the beams fail in flexure, 

as the cracks were concentrated in the constant moment region and vanish 

diagonally towards the beam supports also the second and third crack were 

concentrated only in the moment region.  As shown in the Figures from (7-

43) to (7-57). 

Figure (7-13) Experimental and Finite element method load-deflection 
curves of beam (B1) 
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Figure (7-14) Experimental and Finite element method load-deflection 
curves of beam (B2) 

Figure (7-15) Experimental and Finite element method load-deflection 
curves of beam (B3) 
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Figure (7-16) Experimental and Finite element method load-deflection 
curves of beam (B4) 

 

Figure (7-17) Experimental and Finite element method load-deflection 
curves of beam (B5) 
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Figure (7-18) Experimental and Finite element method load-deflection 
curves of beam (B6) 

 

Figure (7-19) Experimental and Finite element method load-deflection 
curves of beam (B7) 
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Figure (7-20) Experimental and Finite element method load-deflection 
curves of beam (B8) 

Figure (7-21) Experimental and Finite element method load-deflection 
curves of beam (B9) 
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Figure (7-22) Experimental and Finite element method load-deflection 
curves of beam (B10) 

Figure (7-23) Experimental and Finite element method load-deflection 
curves of beam (B11) 
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Figure (7-24) Experimental and Finite element method load-deflection 
curves of beam (B12) 

Figure (7-25) Experimental and Finite element method load-deflection 
curves of beam (B13) 
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Figure (7-26) Experimental and Finite element method load-deflection 
curves of beam (B14) 

Figure (7-27) Experimental and Finite element method load-deflection 
curves of beam (B15) 
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Figure (7-28) Variations in deflection (mm) at ultimate load of beam 
(B1) using ANSYS program 

 

Figure (7-29) Variations in deflection (mm) at ultimate load of beam 
(B2) using ANSYS program 
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Figure (7-30) Variations in deflection(mm)  at ultimate load of beam 
(B3) using ANSYS program 

 

Figure (7-31) Variations in deflection(mm)  at ultimate load of beam 
(B4) using ANSYS program 
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Figure (7-32) Variations in deflection (mm) at ultimate load of beam 
(B5) using ANSYS program 

 

Figure (7-33) Variations in deflection(mm)  at ultimate load of beam 
(B6) using ANSYS program 
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Figure (7-34) Variations in deflection(mm)  at ultimate load of beam 
(B7) using ANSYS program 

 

Figure (7-35) Variations in deflection(mm)  at ultimate load of beam 
(B8) using ANSYS program 
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Figure (7-36) Variations in deflection(mm)  at ultimate load of beam 
(B9) using ANSYS program 

 

Figure (7-37) Variations in deflection(mm)  at ultimate load of beam 
(B10) using ANSYS program 
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Figure (7-38) Variations in deflection (mm) at ultimate load of beam 
(B11) using ANSYS program 

 

Figure (7-39) Variations in deflection(mm)  at ultimate load of beam 
(B12) using ANSYS program 
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Figure (7-40) Variations in deflection (mm) at ultimate load of beam 

(B13) using ANSYS program 

 

Figure (7-41) Variations in deflection (mm) at ultimate load of beam 
(B14) using ANSYS program 
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Figure (7-42) Variations in deflection (mm) at ultimate load of beam 
(B15) using ANSYS program 

 

Figure (7-43) Crack pattern at ultimate load for beam (B1)  
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Figure (7-44) Crack pattern at ultimate load for beam (B2)  

 

 

Figure (7-45) Crack pattern at ultimate load for beam (B3)  
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Figure (7-46) Crack pattern at ultimate load for beam (B4)  

 

Figure (7-47) Crack pattern at ultimate load for beam (B5)  
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Figure (7-48) Crack pattern at ultimate load for beam (B6)  

 

Figure (7-49) Crack pattern at ultimate load for beam (B7)  
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Figure (7-50) Crack pattern at ultimate load for beam (B8)  

 

Figure (7-51) Crack pattern at ultimate load for beam (B9)  
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Figure (7-52) Crack pattern at ultimate load for beam (B10)  

 

Figure (7-53) Crack pattern at ultimate load for beam (B11)  
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Figure (7-54) Crack pattern at ultimate load for beam (B12)  

 

Figure (7-55) Crack pattern at ultimate load for beam (B13)  
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Figure (7-56) Crack pattern at ultimate load for beam (B14)  

 

Figure (7-57) Crack pattern at ultimate load for beam (B15)  
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   ِب ْسيِب  الَّل ِب  الَّل ْس َم ِب  الَّل ِب يِب 
 اَّل ِب  َم  ُه وُه    الِبلْسيَم   َم    اَّل ِب  َم  آَم ُه   آِب نُهيْس  ُه  َملْس َم ِب  الَّل 

  الَّل ُه  ِب َم  وَملْس َملُه وَم  َم ِب لٌر  َم   َم َم َم اٍت 
  الَم ِب يِب   ُه  الَّل  َم َم َم  
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